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1 Preliminary Definitions

1.1 Fermat’s Method of Descent

Definition 1.1.1. Let A be a right angled triangle with legs of length a and b and hy-
poteneuse ¢ with a,b,c € R. We say that A is rational if a, b, ¢ € Q. Furthermore, we say
that A is primitive if a, b, c € Z are all coprime.

Lemma 1.1.2. Fvery primitive triangle with legs a and b and hypoteneuse ¢ satisfies a =
2

u? — 02, b= 2uv and c = u® + v? for some strictly positive u,v € Z such that u > v.
Proof. Without loss of generality, we may assume that a is odd, b is even and ¢ is odd. By
Pythagoras’ Theorem we have that

b\ > _ctac—a

2) 2 2

The right hand side is a product of coprime positive integers so by the Fundamental Theorem

of Arithmetic, we must have that (c+a)/2 and (¢ —a)/2 are squares of integers, say u? and

v? respectively. Rewriting a,b and ¢ in terms of v and v then yields the result. O

Definition 1.1.3. Let D € Q-,. We say that D is congruent if there exists a rational
triangle whose area is D.

Lemma 1.1.4. Let D € Q<o. Then D is congruent if and only if Dy? = 2® — x for some
x,y € Q and y non-zero.

Proof. By Lemma there exists non-zero u, v, w € Q such that D is congruent if and

only if Dw? = uv(u? — v?). Taking r = u/v and y = w/v? gives the desired result. O

Theorem 1.1.5. 1 is not a congruent number.

Proof. By Lemma it suffices to show that w? = uv(u + v)(u — v) has no solutions for
u,v,w € Z with w non-zero. Without loss of generality, we may assume that v and v are
coprime and u,w > 0. If v < 0 then we may replace (u,v,w) by (—v,u,w). Futhermore, if
u and v are of the same parity then we can replace (u,v,w) by ((u+v)/2, (u —v)/2,w/2).

Hence we can assume that u,v,u + v and u — v are positive coprime integers whose
product is a square. By the Fundamental Theorem of Arithmetic, we have that u = a?,v =
B2 u+v=c?and u—v=4d?for a,b,c,d € Zsy. Since u and v have different parity, both c
and d are odd. We then have that

(c+d)2 (c—d>2 A+ d? )
—|— = = UuUu=a
2 2 2




This is a primitive triangle whose area is (b/2)%. Let w; = b/2. By Lemma we have
that w? = uyvy(uy + v1)(u; — vy) for some uy, vy € Z. Hence (uy, vy, w) is a new solution to
the original equation. However, 4w? = b*> = v which divides w? so we have that w; < w/2.
Continuing in this way we can construct a infinite decreasing sequence of natural numbers
{w; } which is a contradiction. O

Definition 1.1.6. Let K be a field such that char K # 2 with algebraic closure K.

1. We define an elliptic curve E/K to be the projective closure of a plane affine curve
of the form

Y= f(X)
where f € K[X] is a monic cubic polynomial with distinct roots in K.

2. Given a field extension L/K, we define the L-points of E to be the set

E(L) ={(z,y) € L* | y* = f(z) }U{0}

1.2 Remarks on Algebraic Curves

Throughout this section, we assume that K is an algebraically closed field such that
char K # 2.

Definition 1.2.1. Let K be a field and

C={f(e,y) =0} C A%

be a plane algebraic curve for some f(X) € K[X,Y]. We say that C' is rational if there
exist some rational functions ¢(t),1(t) € K(t) such that the mapping

g: Ay — A%
t = (o), 9 (1))
is injective on AL\ X where X is a finite set and f(¢(t), % (t)) = 0.

Example 1.2.2. Any non-singular plane curve or singular cubic is rational. Any smooth
plane cubic is not rational.

Definition 1.2.3. Let K be a field and C' C P% a smooth projective curve. If P is a smooth
point on C' and Tp is the tangent space to C' at P, we say that P is an inflection point if
the multiplicity of the intersection of C' and Tp at P is greater than or equal to 3.

Proposition 1.2.4. Let K be a field and C C P2 a smooth projective curve of degree d. If
char K 12(d — 1) then P is an inflection point of C if and only if H(P) = 0 where

O*F
H(Xl,XQ,X;g) = det (m)

15 the Hessian.
Proof. Proof Ommitted. m

Lemma 1.2.5. Let K be a field and C C P% a smooth projective cubic curve. Then
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1. C has a point of inflection.

2. If P € C is a point of inflection then we may change coordinates such that C' is given
by an equation of the form

Y?Z = X(X - 2)(X - \Z)
where A # 0,1 and P =1[0:1:0].
Proof.

Part 1: Recall that any two plane curves in P% intersect. In particular, CN{H =0} # @
so we must have that C' contains an inflection point.

Part 2: Suppose that
C={F(X1,XX3) =0} CP%

for some polynomial F' € K[X, X, X3]. We shall change coordinates so that P =[0: 1 : 0]
and TpC = {Z =0}. Since P is a point of inflection and F is a cubic polynomial, we must

have that F(¢,1,0) = kt® for some non-zero k € K. Hence F cannot have terms containing
the monomials X2Y, XY? and Y3. We thus see that

Fe(Y’Z XYZYZ* X® X*Z,XZ* 7%

Note that the coefficient of Y2Z must be non-zero since otherwise P would be a singular
point of C. Furthermore, the coefficient of X3 must also be non-zero since if it were not,
this would imply that { Z = 0 } € C which would contradict the smoothness of C'. Since we
can rescale X,Y and Z, C' is defined by

Y2Z 4+ a XY Z +a3sYZ* = X° + ayX*Z + ay X Z* + ag Z°

Since char K # 2, we can complete the square on the left hand side and so, without loss of
generality, a; = a3 = 0. We can write the right hand side of this equation as Z3f(X/Z)
for some cubic polynomial f. Since C is smooth, f has distinct roots. Without loss of
generality, we may assume that they are 0,1 and A # 0, 1 as desired.

]

Definition 1.2.6. Let K be a field and C C P% a smooth projective curve of degree d. We
define the genus of C' to be

/() = (d—1)2(d—2)

Proposition 1.2.7. Let K be a field and C C P% a smooth projective cruve. Then
1. C is rational if and only if g(C') = 0.

2. C is an elliptic curve if and only if g(C) = 1.
Proof. Proof Ommitted. [

Definition 1.2.8. Let K be afield and C' = { f = 0 } for some polynomial f € K[Xy,..., X,].
Suppose that K(C) = Frac K[Xy,...,X,]/(f) is the function field of C' and P € C is a
smooth point. We define a discrete valuation on K (C') called the order of vanishing

ordp : K(C) - ZU o

which takes a rational function g € K(C') and sends it to its order of vanishing at P. Note
that ordp can be negative if P is a pole of g.



Definition 1.2.9. Let K be afield and C' = { f = 0 } an algebraic curve for some polynomial
feK[Xy,...,X,] and P € C a smooth point. We say that t € K(C) is a uniformiser if
ordp(t) = 1.

Example 1.2.10. Let C = {g=0} C A% for some irreducible g € K[X,Y]. Write
g =090+ g1(X,Y) 4+ ¢g2(X,Y) + ... where g; is homogeneous of degree i. Suppose that
P =(0,0) € C is a smooth point so that gy = 0. Assume that ¢;(X,Y) = ax + Sy where «
and [ are not both zero. Then vyx + dy is a uniformiser if and only if ad — gy = 0.

Example 1.2.11. Consider the curve {y* = z(x — 1)(z — \) } C A% where X\ # 0,1. This
curve has projective closure { Y27 = X(X — Z)(X —AZ)} CP%. Let P=1[0:1:0]. We
aim to calculate ordp(z) and ordp(y). Set w = Z/Y and t = X/Y. Then the equation
becomes

w =t —w)(t — \w)

In these coordinates, P is the point (0,0) so we have that 1 = ordp(t) = ordp(t — w) =
ordp(t— Aw) whence ordp(w) = 3. Hence, ordp(x) = ordp(X/Z) = ordp(t/w) =1-3 = =2
and ordp(y) = ordp(Y/Z) = ordp(1l/w) = —3.

Definition 1.2.12. Let K be a field and C C P% a smooth projective curve. We define a
divisor on C' to be a formal sum of points of C'

D:anP

with np € Z and np = 0 for all but finitely many P € C. We write Div(C) for the set of
all divisors of C' and we define the degree of D to be deg(D) = > ,.-np. Moreover, we
say that D is effective and write D > 0 if np > 0 for all P € C. Finally, if f € K(C) is a
rational function, we define the divisor over f to be Div(f) = > . ordp(f)P.

Definition 1.2.13. Let K be a field and C' C P% be a smooth projective curve. Given
D € Div(C), we define the Riemann-Roch space of D to be

L(D)={fe K(C)*|Div(f)+ D is effective } U{0}

Remark. The Riemann-Roch space of a divisor D is the K-vector space of rational functions
on C with poles no worse than specified by D.

Theorem 1.2.14 (Riemann-Roch for genus 1). Let K be a field, C C P% a curve of genus
1 and D a divisor on C. Then

deg(D) if deg(D) >0
dimL(D)=< 0orl if deg(D)=0
0 if deg(d) <0

Proof. Proof Omitted. O

Example 1.2.15. With notation as in Example [1.2.11} we have that £(2P) = (1,z) and
LBP) = (1, z,y).

Definition 1.2.16. Let K be a field and Vi, V5 C IP’% be projective varieties. A rational
map between V; and V5 is a (perhaps not defined everywhere) function ¢ : V; — V5 equipped
with rational functions fi,--- , f, € K(V}) such that for all P € V' where the f; are defined
we have

¢(P) = [fr(P): -+ fulP)]
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Definition 1.2.17. Let K be a field, V;, Vo C P2 projective varieties and ¢ : V; — V5 a
rational map. Given P € V7, we say that ¢ is regular at P if there exists a rational function
g € K(V}) such that

1. gf; is defined at P for all ¢
2. gfi(P) # 0 for some i
If ¢ is regular at all points P € V;, we say that ¢ is a morphism of varieties.

Remark. Recall that a projective curve is an a projective variety of dimension 1. In
particular, we can define morphisms of projective curves.

Definition 1.2.18. Let C1,C5 C IP’% be smooth projective curves and ¢ : C; — Cs a
non-constant morphism. Let

¢* : K(Cg) — K(Cl)
fr=foo

Then we define the degree of ¢ to be deg(¢) = [K(Cy) : ¢*K(Cy)]. Furthermore, we say
that ¢ is separable if K(C})/¢*K(C5) is a separable extension.

Definition 1.2.19. Let C},Cy; C P% be smooth projective curves and ¢ : C; — Cy a
non-constant morphism. Let P € C; and t be a uniformiser for ¢(P). We define the
ramification index of ¢ at P, denoted e4(P) to be the quantity

ey(P) = ordp(¢*t)

We say that ¢ is unramified at P if e,(P) = 1 and that ¢ is unramified if it is unramified
at every point P € (.

Proposition 1.2.20. Let C4,Cy C IP’%{ be smooth projective curves and ¢ : C; — Cy a
non-constant morphism. Then for all Q) € Cy we have

Y eg(P) = deg(o)

Ped=HQ)
Furthermore, if ¢ is separable then es(P) =1 for all but finitely many P € Cy. In particular
1. ¢ is surjective
2. |67 HQ)| < deg(¢) for all but finitely many Q € Cs.

Remark. Let C) be an algebraic curve and ¢ : C' — P} a rational map given by P
[fo(P) : -+ : fu(P)] for some fy,..., fn, € K(C) not all zero. Then if C is smooth, ¢ is a
morphism.

Proposition 1.2.21. Let Cy,Cy C P2% be smooth projective curves and ¢ : C; — Cy a
non-constant morphism. If deg(¢) = 1 then ¢ is an isomorphism.

Proof. Proof Omitted. O



2 Elliptic Curves

2.1 Weierstrass Equations

Throughout this section, K will be a perfect field.

Definition 2.1.1. Let K be a field. An elliptic curve E over K is a smooth projective curve
of genus 1, defined over K, with a specified K-rational point Og.

Example 2.1.2. Consider the algebraic set { X® + pY?3 + p?Z% = 0} C P? for some prime
number p. Then this is not an elliptic curve over Q since it has no non-zero Q-rational
points. This can be shown by infinite descent. Without loss of generality, we may suppose
that (a, b, c) is a non-zero integral solution to the equation. Then a®+ pb* + p*c® = 0 whence
pla® and so p|a. From this we have that a = pk for some integer k. Then p*k3+pb3+p*c® = 0.
It then follows that p?|pb®> whence p|b and so also b = pm for some integer m and we have
P2k + ptm3 + p?c® = 0. We again note that p?|p?c® and so p|c and ¢ = pn for some integer
n. Substituting this into the equation for the final time gives p3k® + p*m3 + p°n® = 0.
Simplifying this, we see that (k,m,n) is a solution to the equation. But max{k,m,n} <
1/pmax{a,b,c} and so this is a smaller solution. We can repeat this process to construct
an infinite sequence of tuples of integers which is clearly a contradiction and so there are no
non-zero solutions.

Remark. If D € Div(E) is defined over K (i.e is fixed by the action of Gal(K/K)) then
L(D) has a basis in K(FE) and not just K(E).

Lemma 2.1.3. Let E C A% be a singular curve given by a Weierstrass equation
y2 + a1xy + azy = 3 axr® + agx + ag
for some aq,...,a5 € K. Then E is birational to IP’%(F_-I.

Proof. After a linear change of coordinates, we may assume that E has a singular point at
(0,0). Upon examining the partial derivatives, we see that the curve is given by the equation

y? + ayzy = 2° + aga®
Then the rational map

E — Py
(z,y) — [z : y]

is birational since it has inverse P — E given by
[1:t] = (t* — ait — ag, t* — a1t — ayt)
Indeed, setting ¢ = y/z and dividing through by z? yields = * + a;t — as. O

Theorem 2.1.4. Let K be a field and E/K an elliptic curve. Then E is K-isomorphic to
a smooth curve in Weierstrass form via an isomorphism sending Og to [0: 1 :0].

By birational, we mean there exist rational maps in both directions which are in some sense mutually
inverse.



Proof. Consider the Riemann-Roch spaces £(20g) and L£(30g). It is easy to see that
L(20g) C L(30g). By the Riemann-Roch Theorem, we have that dim £(20g) = 2 and
dim £(30g) = 3. Hence we can choose functions z,y € K(F)* such that {1,z } is a basis
for £(20g) and {1,z,y } is a basis for £(30g). Observe that = has a pole of order 2 and
y has a pole of order 3. Note that the Riemann-Roch Theorem implies that £(60f) has
dimension 6. However, this vector space contains the 7 elements 1, z,y, 22, xy, 3 and y2. We
must therefore have a dependence relation between these 7 functions. Now, these elements
without 2% and y? form a basis for £(60F) since they all have different order of pole at Op.
Thus the coefficients of 2® and y? are non-zero in the dependence relation. Rescaling these
functions, we have

E': y2 + a1y + azy = 3+ a2x2 + a4x + ag
for some a; € K. Consider the rational map

¢ E— E
P [z(P) : y(P): 1]

Then this is a morphism of curves since E is smooth. Furthermore, ¢(Og) = [0: 1 : 0] since
y has a pole of higher order at Og than x. We wish to show that ¢ is an isomorphism. By
Proposition [1.2.21} it suffices to show that ¢ has degree 1 and that E’ is smooth. Define

9" K(E') = K(E)
frfog

We need to show that [K(E) : ¢*K(E')] = 1. Let @Q € E’ be the point at infinity. By
Proposition [1.2.20] we have that

deg(z) = > eu(P)

Pexz=1(Q)

x71(Q) is simply the set of all poles of z in E. But x only has one pole, namely at O and
SO

deg(x) = €,(Op) = ordp, (z*t)

where ¢ is a uniformiser for @) in K(E’). But a uniformiser for @) is simply given by 1/z and
so pulling this back along x* we have

1
deg(z) = ordp,, <—> =2
T

We thus have [K(F) : K(z)] = deg(x) = 2. Similarly, [K(FE) : K(y)] = deg(y) = 3. By the
Tower Law, we have that [K(F) : K(z,y)] divides both 2 and 3 whence deg(¢) = [K(F) :
K(z,y)] = 1. It remains to show that E’ is smooth.

Suppose, for a contradiction, that £’ is singular. By Lemma is birational to P.
Since Pk is smooth and E is birational to E’, there exists a degree 1 map between E and
P! which must be an isomorphism. But this is a contradiction as £ has genus 1 and P
has genus 0. Hence £’ must be smooth whence ¢ is an isomorphism of curves. O]

Remark. A curve given by a Weierstrass equation is an elliptic curve if and only if it is
smooth and A # 0 where A is the discriminant of the Weierstrass equation.

Note that if char K # 2,3 then we can write the Weierstrass equation in the form
y* = 23 + ax + b which has discriminant A = —16(4a® + 27b%).
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Proposition 2.1.5. Let K be a field and E, E' elliptic curves over K in Weierstrass form.
Then E is isomorphic to E' if and only if the Weierstrass equations are related by a substi-
tution of the form

r =2 +r

y =uy +ulst’ +t
where u,r,s,t € K and x,y are the coordinates of E and ',y" are the coordinates of E'.
Proof. Let Op be the distinguished point of E. Then (1,z) = L£(20g) = (1,2) and so
x = At/ + r for some \,7 € K with A non-zero. Similarly, (1,z,y) = L(30g) = (1,2/,¢/).
Then y = py’ + ox’ +t for some u,o0,t € K such that u # 0. Since both F and E’ sastify

Weierstrass equations, it follows that \® = 2. Hence A\ = u? and p = u® for some u € K*.
Setting s = o /u? gives the desired result. O

Corollary 2.1.6. Suppose that K is a field such that char K # 2,3 and suppose we are
gien two elliptic curves over K in Weierstrass form

E:y*=2+ax+0
E:y=2+de+0V
Then E and E' are isomorphic over K if and only if ' = u*c and b’ = u%b for some u € K*.

Definition 2.1.7. Let K be a field such that char K # 2,3 and E/K an elliptic curve with
Weierstrass form y? = 23 + az + b. We define the j-invariant of E to be

— (4a)?
j(E) = 17282

Theorem 2.1.8. Let K be a field such that char K # 2,3 and suppose we are given two
elliptic curves over K in Weierstrass form

E:y*=2"+ax+b

E:y=23+de+0V
If E = E' then j(E) = j(E'). Furthermore, if K is algebraically closed then the converse
also holds.

Proof. We only prove the forward direction. Suppose that £ = E’. By Corollary [2.1.6]
there exists u € K* such that @’ = u*a and v’ = u5b. Then

(4a)? 1798 u'?(4a)?

(E') = —1728
IE) —16(4a”® + 2702) —16u'2(da® + 270?)

= J(E)

2.2 The Group Law

Let E C P2 be an elliptic curve. By Bezout’s Theorem, a line intersects the curve in at
most three points. The degenerate case arises when such a line is tangent to the curve.

Definition 2.2.1. Let E C P% be an elliptic curve and P,Q € E. Let S be the third point
of intersection in F of the line through P and (). Let R be the third point of intersection in
E of the line through Of and S. We define the composition of P and @) to be P& Q = R.

9



Theorem 2.2.2. Let E C P2 be an elliptic curve. Then (E,®) is an abelian group.

Proof. @ is clearly a commutative binary operation on F. It is easy to see that O is the
identity. Indeed, let P € E and let L be the line through O and P. Let @) be the third
point of intersection of £ and L. Then the line through O and ) is L and so Op & P = P.
To see that E has inverses with respect to @, let P € E and L the line through O and P.
Let @ be the third point of intersection of L and E. We claim that () is the inverse of P.
In other words, we need to show that P & QQ = Ogr. We have

PEBQ:(PEBOE>EBQ:OE
We postpone the proof of associativity until we have proved some important results. O

Definition 2.2.3. Let K be a field and C C P% a smooth projective curve. We say that
Dy, Dy € Div(C) are linearly equivalent if there exists f € K(E)* such that Div(f) =
Dy — Dy. This defines an equivalence relation on Div(C') and we shall write Dy ~ Dy if D,

and Dy are linearly equivalent and denote the equivalence class by [D;].

Furthermore, we define the Picard group of E to be Pic(F) = Div(E)/ ~. We shall
also denote Pic’(E) = Div'(E)/ ~ where Div® is the collection of degree 0 divisors of E.

Proposition 2.2.4. Let E C P2 be an elliptic curve and consider the function

¢: E — Pic’(E)
P = [(P) = (Op)]

Then ¢(P & Q) = ¢(P) + ¢(Q) and ¢ is a bijection.

Proof. Let L be the line through P and () and S the third point of intersection of L with
E. Let M be the line through O and R and R the third point of intersection of M with £
so that P&® @ = R. Then

Div (L/M) = (P) +(Q) + (5) = (Og) = (5) — (R)
= (P)+(Q) = ((R) + (Og))

and so (P) + (Q) ~ (R) + (Og). We therefore have that ¢(P & Q) = ¢(P) + (Q).
To prove injectivity, suppose that ¢(P) = ¢(Q) and assume, for a contradiction, that
P # Q. Then there exists f € K(E)* such that Div(f) = (P)—(Q). We thus get a rational

map

f:E—Py
R~ [f(R) : 1]

Observe that f has degree 1 since f~'([0 : 1]) = { P} and so f is an isomorphism. This
implies that £ 2 Pk which is a contradiction.

To prove surjectivity, fix a [D] € Pic’(E). Then D + (Og) has degree 1. By the
Riemann-Roch Theorem, we have that £(D + (Og)) = 1. We may thus choose f € K(E)*
such that Div(f) + D + (Og) > 0. Since f must be a basis for this Riemann-Roch space,
we have that deg(Div(f)) = 0. It follows that Div(f) + D + (Og) has degree 1 whence
Div(f) + D + (Og) = (P) for some P € E. That is to say, D ~ (P) — (Og) and so
o(P) = D). .

Remark. This proves associativity of & as there exists a bijective structure preserving map
(B, @) — Pic’(E) and the latter is a group.
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Remark. We can find an explicit formula for the group law as follows. Suppose we are
given an elliptic curve E in Weierstrass form y2 + aj2y + asy = 2 + asx® + aux + ag
and let Py = (zo,y0) € E. We first calculate —Fy. Let L be the line through P, and
Op. We need to find the third point of intersection of this line. The line L is given by
x — xg = 0. Substituting this into the Weierstrasas equation gives a quadratic polynomial
F(zo,y) yields a quadratic polynomial with roots yo and y, where —P = (¢, y;). In other
words, F'(zg,y) = c(y — yo)(y — yg) for some ¢ € K*. Equating the coefficients of 3? yields
¢ = 1. Equating the coefficients of y gives y, = —yo — a129 — as.

We now derive a formula for the addition law. To this end, fix points P, = (x1,41), P> =
(x2,y2) € E. If £1 = 29 and y; + Y2 + a9 + ag = 0 then this is the case where P, = —P.
If not then the line L through P; and P, has an equation of the form y = Az + v where

oy if @) # o
A= 3z34+2a2z1+as—a1y1 if o =
2y1+ai1z1+as 1 2
% if T 7é )
V= —z3+a 2a6— .
1taaz1+2a6—a3y1 _
2y1+ai1z1+as if 2, L2

Substituting the equation for L into the Weierstrass equation, we have a cubic polynomial
F(z,\x + v) with three roots z1,zy and x3 where P; = (x3,ys3) is the third point of in-
tersection of L and E. It can be shown that for three colinear points P, P>, P; we have
P& P,®P; = Og. Sotofind P, & P,, it suffices to apply the negation formula to Ps.
Comparing coefficients again, we find that x; + xy + 23 = A\? + a3\ — ao which gives us the
coordinates x3 and ys.

Corollary 2.2.5. Let K be a field and E/K an elliptic curve. Then E(K) is an abelian
group.

Proof. This follows from the fact that E(K) is a subgroup of E. O

Definition 2.2.6. Let GG be a group. We say that G is a group variety or algebraic group
if G is an algebraic variety such that the group operation and inversion are morphisms of
varieties.

Theorem 2.2.7. Let K be a field and E/K an elliptic curve with Weierstrass form y* +
a2y + azy = 12 + asx?® + asx + ag. Then E is a group variety.

Proof. The inversion map is clearly rational since it is given by

E—FE
($7y> = (.T, —Y—ar — Clg)

Since F is smooth, this map is a morphism.
To show that addition is a morphism, fix P # Qg and first consider the translation map

7 B — F
Q—PaQ

This is clearly rational by the formulae in the remark and so is a morphism by smoothness
of E. Now note that & is rational and defined everywhere except possibly at points of the
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form (P, P),(P,—P),(Og, P) and (P, Op). To prove the theorem in these cases, let )1 and
()2 be arbitrary points in E. Consider the mapping

—1

o ExE 2 pyp&plapla g

Since the group law is associative and commutative, ¢ agrees everywhere with & whenever
they are both defined. Since (); and (), are arbitrary points, we can always find rational
maps ¢1,...,¢, : £ X E — E such that ¢; is @, for each (P, P») € E x E, some ¢; is
defined at (P, P») and if ¢; and ¢, are both defined at (P, P») then ¢;(Py, %) = ¢;( Py, I%).
It thus follows that addition is defined on all of £ X E and is thus a morphism. m

2.3 Elliptic Curves Over Particular Fields

Let A = {aw; + bwsy | a,b € Z } where {w;,ws } is a basis for C as an R-vector space.
Then we have a one-to-one correspondence between meromorphic functions on the Riemann
surface C/A and A-invariant meromorphic functions on C. The function field of C/A is
generated by 7(z) and 7/(z) where

1 1 1
" 2 +O;£)\€A ((Z — A2 ﬁ)
N 1
7(2)_ 2>\€ZA(Z_)‘)3

These satisfy v/(2)? = 4v(2)% — g17(z) — g3 for some g; € C depending on A. One can show
that C/A = E(C) as Riemann surfaces and as groups where E is the elliptic curve given by
the Weierstrass equation y? = 42% — g12 — ¢s.

Theorem 2.3.1 (Uniformisation Theorem). Every elliptic curve over C arises this way.
Example 2.3.2. If K =R then

[ Z)2ZxR/Z if A >0
E(R)_{ R/Z if A <0

Example 2.3.3. If K = F, then |E(F,) — (¢ + 1)| < 2,/4.

Example 2.3.4. If [K : Q)] < oo with ring of integers Ok then E(K) has a finite index
subgroup isomorphic to Ok.

Example 2.3.5. If [K : Q] < oo then E(K) is a finitely generated abelian group (Mordell-
Weil Theorem).

Remark. All these isomorphisms respect the relevant topologies.

2.4 Isogenies
Throughout this section, K will be a perfect field.

Definition 2.4.1. Let K be a field and E; and FEj elliptic curves over K. By an isogeny
between E; and Fs, we mean a nonconstant morphism ¢ : Ey — FEy such that ¢(Op,) = Op,.
We say that E; and E, are isogenous if there exists an isogeny between them. Furthermore,
we denote by Hom(E}, Es) the collection of all isogenies between E; and Ej together with
the zero isogeny.

12



Remark. Hom(FE, F5) is a group under pointwise addition. Furthermore, the composi-
tion of any two isogenies is again an isogeny and the tower law implies that the degree is
multiplicative.

Definition 2.4.2. Let K be a field and E an elliptic curve over K. We define the multi-
plication by n isogeny to be
n]: E— FE
P—P&o---®P
where the image is an n-fold sum. Furthermore, we define [—n] to be [—1] - [n]

Definition 2.4.3. Let K be a field and E an elliptic curve over K. We define the n-torsion
subgroup of E to be E[n] =ker([n] : E — FE).

Lemma 2.4.4. Let K be a field such that char K # 2 and E an elliptic curve over K.
Suppose that E has the Weierstrass form y* = f(x) = (v — h)(z — lp)(x — I3) for some
li € K. Then E[2] = {(0,0), (I1,0), (I5,0), (I3,0) } = (Z/27Z)>.

Proof. Let Op # P € E with P = (zp,yp). Then the tangent line to E at P has the
equation
2yp(y — yp) = f'(zp)(x — 2p)

Then P € E[2] if and only if [2|]P = Og if and only if TpE = {x = zp } if and only if
Yyp = 0. O

Lemma 2.4.5. Let K be a field such that char K # 2 and E an elliptic curve over K. Let
0#x €Z. Then [z] : E — E is an isogeny.

Proof. By Theorem [2.2.7| [z] is a morphism. It thus suffices to show that [z](Of) = Op.
Equivalently, we need to show that [z]|(P) # Op. First suppose that = 2. Then Lemma
implies that [2](P) # Op. Now suppose that x is odd. Lemma [2.4.4once again implies
that there exists Op # T € E[2]. Then [z](T) = T # Og. The lemma then follows upon
appealing to the multiplicative property of [z]. ]

Remark. If char K = 2 then we can replace the previous two lemmas with ones involving
E[3].

Proposition 2.4.6. Let K be a field and ¢ : Ey — Es an isogeny of elliptic curves over K.
Then

O(P®Q)=0(P)® Q)
for all P,Q € Ej.
Proof. (sketch) Observe that ¢ induces a group homomorphism

¢, : Pic’(E,) — Pic®(E»)

[Z nyP| [Z ny6(P)

PcE; pEE

We also have group isomorphisms
K« B; — Pic(E;)

and so we have a commutative diagram

13



EléEg

bk
Pic’(B)) —2 Pic’(E,)
whence ¢ is a group homomorphism. O]

Remark. If K = C then F(C) 2 C/A and E[n] = (Z/nZ)* and deg[n] = n?. We shall
show that the former claim holds if char K does not divide n and the latter holds for all K.

Example 2.4.7. Let K be a field such that char K # 2 and E/K an elliptic curve. Suppose
that E has the Weierstrass equation

E:y*=x(2® +azx +D)

with a,b € K and b(a® — 4b) # 0. Suppose T = (0,0) € E(K)[2]. Fix P = (z,y) € E and
let PP=P&T = (2,y'). Using the formulae for the group law, we have

, (x)2 22+ axr+b b
¥=(-) —~r—a=———x—a=-—

Yy T x
b g) b
y <x . 22
Now let
§:x+x,+a:x2+ax+b:(g>2
T T
, y( b)
n=y—y==|r—-—
x x
Then

Now let E' : y? = x(2? + a’ + /) where @’ = —2a and ¥ = a® — 4b. Then there is an isogeny
b E— E
(@, y) = (§,m)

To verify this, we need to show that ¢(Og) = Og. But this is clear as O is a pole of 7 of
higher order than that of ¢ so the image of O is the point at infinity.

Lemma 2.4.8. Let K be a field and ¢ : E1 — FEs an isogeny of elliptic curves over K.
Then there exists a morphism & : Py, — PL such that the diagram

E1L>E2

lm lm

Pl — PL
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commutes where x; is the x coordinate in the Weierstrass equation of E;. Moreover, if
E(t) =r(t)/s(t) € K(t) with r and s coprime then deg ¢ = deg & = max{degr,degs}.

Proof. Recall from previous results that 2 = degx; = [K(FE;)/K(z;)] since coordinate map
x; has a pole of order 2 at Op,. In particular, this field extension is Galois with Galois group
generated by [—1]* since the inversion map leaves the = coordinate fixed. By Proposition
2.4.6| we have that ¢ o [—1] = [—1] o ¢. Hence if f € K(x3) then

(17 (0"f) = &"([=1]"f) = ¢" f
¢* f is thus fixed by the action of Gal(K(E;)/K(x1)) whence ¢*f € K(x1). This implies

that K(zy) is a subfield of K(z;). Taking f = z gives the mapping ¢ : PL. — PL. The
tower law then implies that deg ¢ = deg&. Now consider the field embedding

K(l’g) —> K(Z‘l)

r(z1)

s(1)

for some coprime r,;s € K[X]. We claim that the minimal polynomial of z; over K(z5)
is f(X) = r(X) — zas(X) € K(x9)[X]. x1 is clearly a root of f(X) by construction so it
suffices to show that f(X) is irreducible over K(z5)[X]. Note that f(X) is irreducible over
K[z, X]. Indeed, it is a polynomial of degree 1 in z so if it were to factor, one of the
factors must contain only X which would mean r and s have a common factor. Appealing
to Gauss’ Lemma, we see that f(X) is irreducible over K (z3)[X]. Furthermore,

Ty = §(71) =

degé = [K(z1) : K(x9)] = deg f = max{degr, deg s}

Example 2.4.9. From the previous example we had
y\2 a?*+ar+b
()= (1) = Pt

x x

Since b # 0, the numerator and denominator are coprime and so deg ¢ = 2. In this case, we
say that ¢ is a 2-isogeny.

Lemma 2.4.10. Let K be a field such that char K # 2,3 and E an elliptic curve over K.
Then deg|2] = 4.

Proof. Without loss of generality, we can write £ : y*> = f(z) = 2% + ax +b. Let P =
(z,y) € E. Then

2 2
z(2P) = <3x2—|—a> — 2
Y

(322 + a)* — 8z f(x)
4f(x)
['(x)* = 8xf(x)
4f(x)

The numerator and denominator must be coprime else otherwise there would exist § € K
such that f(#) = f'(6) = 0. The Lemma then implies that deg[2] = 4. O
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Definition 2.4.11. Let G be an abelian group. A map ¢ : G — Z is said to be a quadratic
form if

1. ¢(nz) = n?q(z) for all x € G,n € Z.
2. (z,y) = q(z +vy) — q(z) — q(y) is Z-bilinear.

Remark. Recall that ¢ : G — Z is a quadratic form if and only if it satisfies the parallelo-
gram law

q(x +y) +q(r —y) = 2q(x) + 2q(y)
for all z,y € G.

Lemma 2.4.12. Let K be a field such that char K # 2,3 and E/K an elliptic curve with
Weierstrass form y* = x3 + ax + b. Suppose that P,Q € E with P,Q,P + Q,P — Q #
Og. Let x1,...,x4 be the x-coordinates of these j points. Then there exist polynomials
Wo, Wi, Wy € Z[a, b][x1, x2] of degree at most 2 in x1 and degree at most 2 in xs such that
the ratio (Wo : Wyt Wa) = (1: x3 + x4 : w314).

Proof. Let y = Az + v be the line through P and ). Then
f(@)— Az +v)* = (v — 1) (2 — 22) (2 — 23)
= 2% — 5127 + 597 — 53

where s; is the 7" elementary symmetric polynomial in the x;. Comparing coefficients yields
A2 =351, =2 \V = 59 — a and v? = s3 + b. Eliminating \ and v gives

F(z1,29,23) = (8% — a)® — 4s1(s3 + b)

and so x3 is a root of F(xy,zs, X) = WoX? — W, X + Ws. Repeating the calculation for
the line through P — @ shows that this quadratic also has a root z; and we get the desired
ratio. [

Theorem 2.4.13. Let K be a field and E, and Ey elliptic curves over K. Then
deg : Hom(F1, Ey) — Z

1 a quadratic form.

Proof. For the proof we assume that char K # 2, 3. We first show that if ¢, ¢ € Hom(FE, E»)
then

deg(¢ + 1) + deg(¢ — ) < 2deg ¢ + 2degv

We may assume, without loss of generality, that ¢, 1, ¢ + 1, ¢ — 1 # 0. Indeed, those cases
are either trivial or involve an easy application of Lemma [2.4.10f We first write out the
mappings explicitly:

¢ (2,y) = (&G(z,y), m(z,y))
Y (z,y) = (&2, y),m(,y))
o+ (v, y) = (&2, ), m3(x,y))
¢ = (2, y) = (Ealx,y),na(,y))
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By Lemma [2.4.12] we have that
(1: & +8&: &8 = (6 - &) Fl&, &) : Glé, &)

where F,G € Z[a,b][{1, &) are some polynomials. Note that these three polynomials are
have degree at most 2 in & and degree at most 2 in &. Let &(z) = r;i(x)/s;(z) for some
i, 8; € K[X] coprime. Then

(8384 17383 + 1483 : 7'37“4) = ((T182 —7"281)2 L )
Hence

deg(o + ¢) + deg(¢p — 1) = max{deg(rs), deg(s3)} + max{deg(rs), deg(ss)}
= max{deg(s3s4), deg(rsss + rysz), deg(rsry)}

< 2max{deg(r;) deg(s:)} + 2 max{deg(rs), deg(s2)}
= 2deg(¢) + 2deg(v))

Replacing ¢, by ¢ + 1 and ¢ — ¢ and using deg[2] = 4 yields the reverse inequality. We
have shown that the degree map satisfies the parallelogram law and is thus a quadratic
form. O]

Corollary 2.4.14. Let K be a field and E/K an elliptic curve. Then deg([n] : E — E) = n?
for alln € 7Z.

2.5 The Invariant Differential
Throughout this section, K will be an algebraically closed field.

Definition 2.5.1. Let K be an algebraically closed field and C' a smooth projective curve
over K. We define the space of differentials over C, denoted Q¢ to be the K(C)-vector
space generated by symbols df with f € K(C) subject to the relations

1. d(f+g)=df +dg
2. d(fg) = fdg + gdf
3. da=0forallaecK
Remark. It can be shown that Q¢ is a 1-dimensional K (C')-vector space.

Definition 2.5.2. Let K be a field and C' a smooth projective curve over K. Let w € Q¢
be a non-zero differential, P € C' and t € K(C) a uniformiser at P. Then w = fdt for
some f € K(C)*. We define ordp(w) = ordp(f) which is independent of the choice of ¢.
Moreover, we define Div(w) = >y ordp(w)P.

Definition 2.5.3. Let K be a field and C' a smooth projective curve over K. We define the
space of regular differentials to be

{w € Q¢ | Div(w) >0}
Remark. ¢(C) = dimg {w € Q¢ | Div(w) >0}

Lemma 2.5.4. Let K be a field and C a smooth projective curve over K. Let P € C' and
t € K(C)* a uniformiser at P. If f is reqular at P then df /dt is reqular at P.
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Proof. Proof Omitted. [

Proposition 2.5.5. Let K be a field and C' a smooth projective curve over K. Suppose
[ € K(C)* such that ordp(f) =n # 0 and char K { n then ordp(df) =n — 1.

Proof. Fix a uniformiser ¢t € K(C)* at P. Then we can always write f = wut" where
u € K(C) satisfies ordp(u) = 0. Then

d
df = d(ut") = (d—l;tn + nut”l) dt

By Lemma du/dt is regular and so, in particular, we know that ordp(du/dt) = 0.
Since n # 0 we have

ordp(df) = ordp(nut™ *dt) =n —1
[

Lemma 2.5.6. Let K be a field such that char K # 2 and let E/K be an elliptic curve given
by the Weierstrass equation y*> = (x —ly)(x — ly)(x — I3) for some l; € K. Then w = dz/y is
a differential on E with no zeroes and poles. Moreover, w is a basis for the 1-dimensional
K-vector space of reqular differentials on E.

Proof. Let T; = (1;,0). By Lemma we have E[2] = {Og,T,T5,T5}. Then Div(y) =
T+ 15+ T3 — 305.

Now suppose that P € E\E[2]. Then ordp(z —x,) = 1 and so ordp(z —zp) = 1 whence
ordp(dz) = 0. Now if P € E[2] then ordp(x — [;) = 2 and so ord,(dzx) = 1. Finally, if
P = Og then ordp(z) = —2 and so ordp(dx) = —3. It then follows that Div(dz/y) = 0 as
desired. O

Definition 2.5.7. Let K be a field and ¢ : C| — (5 a non-constant morphism between
smooth projective curves over K. We define the differential pullback map of ¢ as

¢* : QCQ — QCl
fdg — (¢"f)d(¢"g)

Theorem 2.5.8. Let K be a field and E/K an elliptic curve over K. Let 7p : E — E be
the translation by P € E map and w = dx/y. Then Tjw = w and so w is referred to as the
invariant differential.

Proof. Observe that Div(7pw) = 75 Div(w) = 0 and so 7jw is a regular differential. There
thus exists Ap € K* such that 75w = Apw. Now consider the map

E — P}
Pl—>)\P

This is a morphism of smooth projective curves so it is either constant or surjective. It is
clearly not surjective as its image does not contain 0 or the point at infinity. Hence Ap = A
for some A € K* and 7pw = Aw for all P € E. Taking P = Op gives A = 1. O]

Example 2.5.9. Let K = C so that E(C) = C/A via z — (7(2),7/(2)). Then dz/y =
v (2)dz/~'(z) = dz which is invariant under z — z + a.
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Proposition 2.5.10. Let K be a field, E/K an elliptic curve and w the invariant differential
of E. Then Qpxg is a 2-dimensional K(E x E)-vector space with basis given by { mjw, mjw }
where m; - E X E — FE s the projection map.

Proof. Proof Omitted O

Lemma 2.5.11. Let K be a field and ¢,1) € Hom(FE1, Ey) for some elliptic curves Ey and
Ey over K. If w is the invariant differential on Ey then (¢ + ¢)*w = ¢*w + *w.

Proof. Write E = E5 and consider the map

W:ExE—E
(P,Q)— P& Q

Then p*w = friw + gmiw for some f,g € K(E x E). Given ) € E define the map

w:E—-ExXE
P (P,Q)

Then
(1g)'w = (Lo f)(mg) w + (169)(Tatg) w

Observe that myuq is the constant map @ and so (matg)*w = 0. Furthermore, (uq)* = 7
and g = id and so THw = (15 f)w. By Theorem it follows that 5, f = 1 for all
@ € E. This in turn implies that f(P,Q) = 1 for all P,Q) € E. Similarly, g(P,Q) = 1 for
all P,(Q) € E. Hence

prw = mTiw + Tow

Pulling back along the map

EFi—>ExE
P (¥(P),o(P))
yields
¥+ ¢)'w=9wtdw
as desired. ]

Proposition 2.5.12. Let K be a field and ¢ : C7 — Cy a non-constant morphism of smooth
projective curves. Then ¢ is separable if and only if ¢* : Qc, — Q¢ s non-zero.

Proof. Proof Omitted. O
Example 2.5.13. Let G,,, = A\ {0} and n > 2 an integer. Consider the map

¢o: G, — G,
x> x”
Then ¢*(dz) = d(z™) = nz" 'dz. So if char K { n then ¢ is separable. Then |¢~1(Q)| =
deg ¢ for all but finitely many points Q € G,,. Since ¢ is a group homomorphism, |¢~1(Q)| =

deg ¢ for all Q € G,, and so | ker ¢| = deg$ = n. In other words, K contains exactly n n'"
roots of unity.
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Theorem 2.5.14. Let K be a field and n € Z such that char K { n. Suppose E is an elliptic
curve over K. Then E[n] = (Z/nZ)>.

Proof. Let w be the invariant differential of E. By Lemma we have that [n]*w =
nw. Hence if char K t n, Proposition implies that [n] is separable. Appealing to
Proposition we see that |[n]7'Q| = deg[n] for all but finitely many Q € E. But [n]
is a group homomorphism and so |[n]'Q| = deg[n| for all Q € E. By Corollary we
then have that |E[n]| = deg[n] = n?.

We thus see that E[n] is a finitely generated abelian group so by the structure theorem
for finitely generated abelian groups, we have that

En|=2Z/d\Z x --- x Z]d,Z

for some integers d,|dy| ... |din such that []'_, di = n>. Now suppose that p is a prime
dividing d;. Then E[p| = (Z/pZ)'. But |E[p|| = p* so t = 2 and d; = dy = n. Therefore,
Eln| = (Z/nZ)>. O

Remark. If char K = p then [p] is inseparable. It can be shown that either E[p"] = Z/p"Z
for all 7 > 1 (ordinary case) or E[p"] = 0 for all » > 1 (supersingular case).

2.6 Elliptic Curves Over Finite Fields

Throughout this section let (x, x) = 2q(x) where ¢(x) is a quadratic form.

Lemma 2.6.1 (Cauchy-Schwarz). Let A be an abelian group and q : A — 7Z a positive
definite quadratic form. Then for all x,y € A we have

la(z +y) — a(z) — a(y)| < 2v/a(z)q(y)
Proof. Without loss of generality, we may assume that ¢(z) # 0. Fix m,n € Z. Then
0 < g(mz +ny)

1
=3 (mx + ny, mzx + ny)

= m?q(z) + mn (z,y) + n’q(y)
@\ (z,9)°
=) (m+ 55) (qw) - alo) )

Now let m = — (z,y) and n = 2¢(z) so that

(z,1)* < 4q(x)q(y)

The result then follows upon taking the square root across this inequality. O

Theorem 2.6.2 (Hasse). Let E/F, be an elliptic curve. Then

IEF) = (¢ + D <2Vq
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Proof. Let E have a Weierstrass equation F'(z,y) = 0 with coeflicients ay, ..., as € F,. Note
that the a; are invariant under the Frobenius automorphism a; — a]. Define the Frobenius
endomorphism on £ by

0. F—FE

(z,y) = (2, y7)
This is a well-defined morphism of elliptic curves since applying the Frobenius automorphism
across the equality F(z,y) = 0 yields F'(x?,y?) = 0. This morphism clearly sends Op to O

and so ¢ is an isogeny of degree ¢. Since the Frobenius automorphism generates Gal(F,- /IF,),
it follows that

EF,)={PeE|¢(P)=P}
= ker(1 — ¢)
Now let w be the invariant differential of £. Note that
d:(:) Cdat qxt!

Y Yy y1

where we have used the fact that charF, = p. This then implies that
l—-p)w=w—9'w=w#0
whence 1 — ¢ is separable. Therefore,
|E(Fg)| = [ker(1 — ¢)| = deg(1 — o)

By Theorem [2.4.13] the degree map is a positive definite quadratic form so by the Cauchy-
Schwarz inequality, we have that

| deg(1 — ¢) — deg ¢ — deg(1)[ < 24/deg(1) deg ¢
Now, deg(1) =1 and deg ¢ = ¢ by Lemma 2.4.§] and so
IE(F)| — (¢ + 1) <2V/q

as desired. ]

2.7 (-functions

Definition 2.7.1. Let K be a field and E/K an elliptic curve. We define the trace of an
endomorphism of E to be

tr: End(F) — Z
b= (P, 1)

where (¢, 1) = deg(1 — ¢) — deg(v)) — deg 1 = deg(1 + ¢) — deg(y)) — 1.
Lemma 2.7.2. Let K be a field and E/K an elliptic curve. If 1) € End(E) then

Y? = [try]y + [deg ] = 0
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Proof. We first claim that
deg([n] + 1) = n* + ntry + deg) (1)
Since deg is a quadratic form on End(E) we have the bilinear form

(-,-) : End(E) x End(F) — Z
(¢, 1) = deg(¢ + 1) — deg(¢) — deg(v))

We thus have

deg([n] + ) = (In],¢) + deg([n]) + deg(v)

]
n (1,7) +n? + deg(z))

thereby proving the claim. Clearly, tr(¢ + ¢) = tr(¢) + tr(¢)). We next claim that tr(¢?) =
(tr ¢)? — 2deg(¢). Using the parallelogram law and the bilinearity of (-,-) we have

(tr)® — 2deg(¢) = (1,0)” — 2deg ¢
= (deg(1 + ¢) — deg(¢) — 1)* — 2deg ¢
=deg(1 + ¢)* — 2deg pdeg(l + ¢) — 2deg(1 + ¢) + deg(¢?) + 1
= deg(1 4 26 + ¢*) — 2(deg(¢ + ¢?) + deg(1 + ¢)) + deg(¢?) + 1
= deg(1 + 2¢ + ¢*) — deg(1 + 26 + ¢*) — deg(¢* — 1) + deg(¢®) + 1
= deg(¢® — 1) + deg(¢?) + 1
= —(deg(1 — ¢*) — deg(¢®) — 1)
= —(1,-¢°)
= (1,¢")
= tr(¢%)

To prove the identity in the Lemma, it suffices to show that deg(¢)? — [tr ¢|¢ + [deg]) = 0.
Inserting this into Equation [1] yields

deg([deg ] + * — [tr ¢]y]) = (deg¥))? + (deg ) tr(¢? — (tr)y))
+ deg (¢ — (try)e)
= (deg®))? + (deg ) (tr(y*) — (trv)?)
+ (deg ) (deg ) — tryp)
= (degt))? + (deg ) (—2deg ¢)) + (deg ¥)((trv)?
— (trep)* + deg 1))
—0

]

Now let E/F, be an elliptic curve and ¢ : E — E the g-power Frobenius map. Let
a = tr¢ =1+ deg(¢) — deg(l — ¢) so that [E(F,)| = ¢ +1 —a. By Lemma [2.7.2] ¢ is a
root of the polynomial f(X) = X% —aX + ¢ = 0. Factoring this polynomial over C we have
(X —a)(X = B) =0 for some o, 3 € C. Hasse’s Theorem then implies that |a| < 2,/q. We
see that the polynomial f(X) is non-negative for all X so it either has complex-conjugate
roots or a double root. In either case, we see that aw = $* whence |a| = |3] = /4.
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Now let K be a number field. We have the Dedekind (-function

Ckls) =D N(la)s = 1l (1_ N(lp)S)l

a<1O0gk prime p<a O

Given a function field K (such as F,(C) for some smooth projective curve C'/F,), we similarly
define

auts) = 1 (1- N<1x>s>_1

z€|C|

where |C_’\ is the set of all closed points on C'. These are given by the orbits for the action
of Gal(F,/F,) on C(F,) and N(x) = ¢i°&® where z is the size of the orbit. We have

Ck(s) = Zc(q*) where

Zo(T) = [] (1= 1)~
z€|C|

in Q[[T]. Taking logs yields

log Zo(T) = ) i %deegm

z€|C| m=1

using log(1 — X)) = ">, X"/n. This implies that

d oo
Talog Zo(T) = Z Z deg xT™de”
z€|C| m=1

Setting n = m degx we then have
- |C(Fq")|
Zo(T) = —T"
(1) - s (31

Theorem 2.7.3 (Dwork’s Theorem for Elliptic Curves). Let E/F, be an elliptic curve and
write |E(F,)| = ¢+ 1 — a as above. Then

1—aT + qT?

2 ) = Ty A = q1)

Proof. By Lemma [2.7.2) we have that ¢?> — a¢ + ¢ = 0 where ¢ is the g-power Frobenius
map. Multiplying by ¢™ and taking traces yields

tr(¢"*?) + atr(¢") + qtr(¢") =0

This second order recurrence relation with initial conditions tr(1) = 2 and tr(¢) = a has
solutions tr(¢™) = o™ + ™ and so

=1+ deg(¢") — tr(¢")
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Hence

Zp(T) = exp <Z (% 1 (QZ;)” B ai)” B (577;)71))

(1 aT)(1 - 8T)
T=T)(1—qT)

]

Remark. Let s be a zero of (x(s). Then Zg(¢~°) = 0 whence ¢° = « or ¢° = 3. By the
previous discussion, we have that |¢°| = /g and so R(s) = 1/2. This is an analogue of the
Riemann Hypothesis.

3 Elliptic Curves over Local Fields

3.1 Formal Groups

Definition 3.1.1. Let R be a ring and I < R an ideal. We define the I-adic topology on R
to be the one generated by the basis {r+ I" |r € R,n > 1}.

Definition 3.1.2. Let R be a ring and I < R an ideal. We say that a sequence (z,) in R is
Cauchy with respect to the [-adic topology if for all £ € N there exists N € N such that
for all m,n > N we have z,, — z,, € I* for all m,n > N.

Definition 3.1.3. Let R be a ring and I < R an ideal. We say that R is complete with
respect to [ if (,5, I" = {0} and every Cauchy sequence in R converges with respect to I.

Example 3.1.4. Z, is complete with respect to pZ,. Z[[t]] is complete with respect to ().

Theorem 3.1.5 (Hensel’s Lemma). Let R be an integral domain complete with respect to
I'aR and f € R[X] a polynomial. Given s > 1, suppose that a € R satisfies F(a) = 0
(mod I?) and F'(a) € R*. Then there exists a unique b € R such that F(b) =0 and b = a
(mod I°).

Proof. Without loss of generality, we may assume that a« = 0 and F'(a) = 1. Indeed, we
may simply replace F'(x) by F(x 4 a)/F'(a). Consider the sequence defined by zy = 0 and
Tpe1 = x, — F(x,). We claim that z, is Cauchy. By induction it is clear that =, = 0
(mod I°) for all n > 0. Now write

F(X)—F(Y)=(X-Y)1+ XG(X,Y)+YH(X,Y)

for some G, H € R[X,Y]. We now claim that z,,,; = x, (mod I""*) for all n > 0. We
prove this by induction on n. The case where n = 0 is clear so suppose that it holds for n.
We have that F(z,)—F(x,-1) = &, —2,—1 (mod I""*) and so x,, — F(x,) = xp_1— F(2,_1)
(mod ™) whence z,,41 =z, (mod I""*) thereby proving the claim.

(x,,) is therefore Cauchy. Since R is complete, z,, — b as n — oo for some b € R. Taking
the limit in the definition of the sequence yields b = b — F(b) and so F(b) = 0. Taking the
limit in z,, =0 (mod I®) gives b =0 (mod I°). Uniqueness then follows from the expression
for F(X) — F(Y) and the fact that R is an integral domain. O
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Example 3.1.6. Let R be a ring and a4,...,a5 € R elements. Let E be the elliptic curve
with projective Weierstrass equation Y2Z+a, XY Z+a3Y 7% = X34 ao X?Z+as X Z? +a 723,
Conisder the affine piece Y # 0 with t = —X/Y,w = —Z/Y. In these coordinates, the
Weierstrass equation becomes

w = 1?4+ aytw + ast*w + asw® + a,tw? + agw® = f(t,w)

We now apply Hensel’'s Lemma with R = Z[ay,...,ag)[[t]] and I = (¢). We claim that
F(X)=X — f(t,X) with s = 3 and a = 0 satisfies the hypotheses of Hensel’s Lemma. We
have F(a) = —f(t,0) = —t3 = 0 (mod I®). Furthermore, F'(a) = 1—a;t—ast? € R*. Hence
there exists a unique w(t) € Zlay, ..., ag)[[t]] such that f(t,w(t)) = w(t) where w(t) = 0
(mod #3). In particular, w(t) = t3(1 + Ayt + Axt? + ... ) where Ay = ay, Ay = a2 + ay, Az =
ai + 2aiay + az).

Lemma 3.1.7. Let R be an integral domain that is complete with respect to an ideal I<R. Let
ai,...,a¢ € R be the Weierstrass coefficients of an elliptic curve over R. Let K = Frac(R)
and E be the elliptic curve given by reducing the cofficients of the Weierstrass equation of
E modulo I. Then
E={(t,w)e BE(K)|t,wel}
—{(t.u(t) € E(K) [t}

is a subgroup of E(K) where w(t) is the power series given in the previous example.

Proof. Taking (t,w) = (0,0) shows that Op € E(I) so it suffices to show that, given
P, Py € E(I) we have —P, — P, € E(I). So let t1,t, € I. We have

= Wlt) —wlty) _ ZAn L

to — 1

GI

tg — tl

v=w; — A, €1
Substituting w = At + v into w = f(¢,w(t)) yields

M A4 v =12+ ait(M 4 v) + agt? (M + 1) + as(M + 1) + agt( M+ v)? + ag(M + v)?
The coefficient of 3 is given by
A =14 a) + ag)* + ag)\®

and the coefficient of #? is

B = a1\ + agv + as\? + 2a,\v + 3ag\*v
We have that A€ R* and Be [ sot?=—-B/A—t; —ty € [ and wg =Nz +v el O

Example 3.1.8. Taking R = Z|ay, ..., ag|[[t]] with I = (¢), the Lemma implies that there
exists ¢(t) € Z[[ay,...,ag)] with no constant term such that [—1](¢,w(t)) = (¢(t), w(c(t))).
Taking R = Zlay,...,ag][[t1,t2]] and I = (t1,t3), the Lemma implies that there exists
F(tl, t2> c Z[al, c. ,a6][[t1,t2]] such that (tl, U)(t1>) + (tg,w(tg)) = F(tl, tz), U)(F(tl,tg)) In
fact,
(X)) =X —a; X? —a2X? — (a® +a3) X* + ...
FX,)Y)=X+Y —a; XY — ay(X?Y + XY?) +

From the properties of the group law, we deduce
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1. F(X,Y) = F(Y, X)

2. F(X,0)=X =F(0,Y)=Y

(X,

(X,

3. F(X,F(Y,Z)) = F(F(X,Y),Z)
F(X, (X)) =0

Definition 3.1.9. Let R be a ring. A formal group over R is a power series F'(X,Y) €
RI[[X, Y]] such that

1. F(X,Y) = F(Y,X)

(X,
2. F(X,0)=X,F(0,Y)=Y
3. F(F

(X,Y),2) = F(X, F(Y, Z))

Definition 3.1.10. Let R be a ring and F' and G formal groups over R. We define a
morphism between F' and G to be a power series f € R[[T]] such that f(0) = 0 and
f(F(X,Y)) = G(f(X),f(Y)). We say that I’ and G are isomorphic if there exists mor-
phisms f: FF — G and g : G — F such that f(g(T")) = g(f(T)).

Lemma 3.1.11. Let R be a ring and g(X) € R[[X]] such that g(0) € R*. Then there exists
h(X) € R[[X]] such that g(h(X)) = X.

Proof. We claim that, given any formal power series g(X) = > o, ;X" € R[[X]] such
that ¢g(X) = ;X (mod X?) for some a; € R, there exists a power series h(X) € R[[X]]
such that g(h(X)) = X. To do this, we shall inducitvely construct polynomials h,(X) =
S b X" such that g(h(X)) = (mod X™™). We then obtain the desired power series as
h = lim,,, h,(X) which is well-defined since R[X] is X-adically complete.

Indeed, suppose that n = 1. Then we may set hy(X) = b X with by = a~!. Then,
clearly, g(hi(X)) = X (mod X?). Now assume that we have constructed h,_;(X) such
that g(h,—1(X)) = X (mod X"). Then g(h, (X)) = X + ¢,X™ (mod X™*!) for some
¢, € R. Now consider

ha(X) = Byt (X) + by X™

We have
hE | (X) ifk>1
k n — n—1 n+1
hn(X)® = (hp—1(X) + b, X™) _{ he (X) 4+ b X if k=1 (mod X"*)
So we have
= @ (X)F =) ar(hna (X) + 0, X" =) " arhl 4 ab, X"
E>1 E>1 E>1
=X+, X"+ a1, X"
So we may take b, = —aflcn and we are done. O

Theorem 3.1.12. Let R be a ring such that char R = 0. Then every formal group over
R is isomorphic to the formal group G, given by the power series G(X,Y) = X +Y over
R® Q. In particular,
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1. There is a unique power series

a a
1og(T):T+§T2+§3T3+...

with a; € R such that
log(F(X,Y)) = log(X) + log(Y)
For any formal group F(X,Y') over R.

2. There 1s a unique power series

b b
exp(T):T+2—2‘T2—|—3—3"T3+...

such that
exp(log(T")) = log(exp(T)) =T

Proof. We first prove uniqueness of the logarithm. To ease notation, denote Fi(X,Y) =
2 F(X,Y). Suppose log(T) € R[[T]] exists. Denote

d
p(T) = %log(T) =1+aT +asT?+ ...

Differentiating the logarithm relation with respect to X, we have
P(F(X, V) F(X,Y) = p(X) +0
Setting X = 0, we have
p(V)F(0,Y) = p(0) = 1

so that p(Y) = F1(0,Y)~! so that p(Y) is uniquely determined by F whence so is log.

We next prove existence of log. As before, set p(T) = Fy(0,Y)™ =1+ aoT +asT*+. ..
for some a; € R. We define log(T") to be the formal integral of p(7') with respect to T'. To
show that this satisfies the claimed relation, first start with the associative law

F(X,F(Y,Z))=F(F(X,Y),Z)
And differentiate with respect to X so that
F(X,F(Y,2)) = (X, Y)F\(F(X,Y),Z)
Setting X = 0 we have

F (0, F(Y, Z)) = Fy(0,Y)F\ (Y, Z)
p(F(Y, Z))™ = p(Y)'F(Y, 2)
p(Y)=p(F(Y,2))F(Y,Z)

Integrating this with respect to Y yields
log(Y) + h(Z) = log(F (Y, Z))

where h(Z) is some integrating factor. By symmetry, we must have that h(Z) = log(Z)
so we are done. The existence of the exponential series follows immediately from Lemma

B.II1 O
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Proposition 3.1.13. Let R be a ring, complete with repsect to an ideal I<R. Let F(X,Y) €
R[[X,Y]] be a formal group over R. Then the binary operation

@r IxT—1
(z,y) » z©ry = F(z,y)
makes F(I) = (I,®Fx) an abelian group.

Proof. Fix x,y € I. Since R is complete, the power series F(x,y) converge [-adically to an
element of I so this binary operation is indeed closed. The rest of the abelian group axioms
follow immediately from the formal group axioms. O]

Corollary 3.1.14. Let F be a formal group over a ring R and n € Z invertible in R. Then

1. [n] : F — F is an isomorphism of formal groups.

2. If R is complete with respect to an ideal I < R then the induced homomorphism [n] :
F(I) — F(I) is an isomorphism.

Proof. Observe that [1](T) is just the power series (T') and [n + 1)(T) = F([n]T,T). By
induction, it is clear that [n|T = nT +--- € R[[T]]. Now if n is invertible in R then Lemma
implies that there exists an inverse for this homomorphism of formal groups. The
second part then follows immediately. O]

3.2 Elliptic Curves

Throughout the rest of this section, let K be a discretely valued field of characteristic
0, complete with respect to a discrete valuation v : K* — Z U oco. We assume that Fg,
the residue field of K has characteristic p > 0 for some rational prime p and we write O
for the valuation ring of K and my = (7) its unique maximal ideal for some uniformiser 7.
Note that F, = Og/mg

We fix an elliptic curve E/K.

Definition 3.2.1. We say that a Weierstrass model aq,...,a6 € L for E is integral if
a; € O for all i. Moreover, we say that the chosen model is minimal if v(Ag) is minimal
amongst all integral Weierstrass models for E.

Remark. Since the transformation x = u?a2’,y = vy’ is an isomorphism of elliptic curves,
every elliptic curve over K admits an integral model. Moreover, if a;,...,as € Ok then
A € Ok so that v(A) > 0. Since v is discrete, minimal Weierstrass models also exist
for all £/K. Finally, if char(K) # 2,3 then there exist minimal equations of the form
y? = a® + ax +b.

Lemma 3.2.2. Suppose that E/K has an integral Weierstrass model
V=234 ar+b

Let Op # P = (x,y) € E(K). Then either x,y € Ok or v(z) = —2s and v(y) = —3s for
some integer s > 1.

Proof. First suppose that v(z) > 0. Suppose, for a contradiction, that v(y) < 0. Applying
v across the Weierstrass equation, we have

0 > 2v(y) = v(2® + ax + b) > min{3v(z),v(z)} >0

which is a contradiction. Hence we must have that v(y) > 0.
Now suppose that v(z) < 0. Then 2v(y) = 3v(x) so that v(zx) = —2s,v(y) = —3s for
some s > 1. O
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Proposition 3.2.3. Let E be the formal group associated to E as in Example . Con-
sider

E.(K)=E("Og) = { (x,y) € BE(K) | — ,—1 E?TTOK}U{O}

Jewesmlo() e (1) = Yoo
={(,y) € E(K) [v(z) < =2r,0(y) < =3r}

Then this is a subgroup of E(K) and for sufficiently large r we have

E(7"Ox) = (Ok, +)
Moreover, for all r > 1 we have
E(r"O
A(”—K) ~ (F,, +)
E(ﬂ-r—HOK)

Proof. We shall prove the Proposition for arbitrary formal groups F over Og. Let e = v(p).
We claim that if r > e/(p — 1) then

log : F(n"Ok) — @:(WTOK)

is an isomorphism with inverse given by exp. To this end, fix z € 7"Og. We need to show
that exp(x) and log(x) converge. Because we are working in a non-archimidean valued field,
it suffices to show that the sequence of valuations of its terms goes to co. Recall that

b
exp(T) =T+ 22'T2 +.

for some b; € Ok. We first calculate v(n!):

B | n B n e(n—1)
v(n!)—evp(n!)—ez{EJ<eZ——e 1—1/p ep_1§

p—1

then
v(bl—x) zm"——e(Z_l)
7! p—1
e
=(i—1 —
(i )(7" p_l)—l—r

This is always greater than or equal to r and hence goes to co as © — oo. Hence exp
converges on F(n"(Ok)). The same arguments show that log also converges on F (7" (Ok))
so that

F(1"Ox) = Go(1"Ox) = (1" Ok, +) = (O, +)

To prove the second assertion, recall that F(X,Y) = X +Y + XY +.... Hence given
x,y € Ok we have

F(r"z,7"y) =7"(z +y) (mod 7" ™)

29



Now define a surjective homomorphism of groups

.F(WTOK) — FK
7'z x  (mod )

which clearly has kernel F(7"™1Ox) O

Corollary 3.2.4. Let F be a formal group over Ok. Then F(nQOk) contains a group of
finite index isomorphic to (O, +).

Proposition 3.2.5. Let E/K be an elliptic curve. Then the reductions modulo m of any
two minimal Weierstrass equations of E define isomorphic curves over Fy.

Proof. Fix two minimal Weierstrass models of F with discriminants A; and A, respectively.
Suppose that they are related by [u,r, s,t] for some u,r,s,t € K with u # 0. Then Ay =
u'?A,. But the two Weierstrass models are minimal and so we must have that A; = A,
so that u € Oj. The transformation formulae then imply that r,s,t € Ok so that the
Weierstrass euations for the reductions modulo 7 are related by the reductions of u, r, s,t. [

Definition 3.2.6. We define the reduction of £/ K to be the curve E /Fx given by reducing
a minimal Weierstrass model of E modulo m. We say that E has good reduction if F is
non-singular. Otherwise we say that £ has bad reduction.

Remark. Let E/K be an elliptic curve with integral Weierstrass model. Then we have the
following situations

1. If v(A) =0 then E has good reduction.
2. If 0 < v(A) < 12 then E has bad reduction.
3. If v(A) > 12 and the chosen model is minimal then E has bad reduction.

Definition 3.2.7. We define the reduction map on E to be the restriction to E(K) of
the map

P*(K) — P*(Fg)
[x:y:z]—[T:7:Z

where we choose a representative [z : y : z| such that min{v(z),v(y),v(2)} = 0. Given
P € E(K), we denote by P its image in E(Fg).

Proposition 3.2.8. E|(K) coincides with the kernel of the reduction map.
Proof. This is immediate from Proposition [3.2.3] O

Definition 3.2.9. Let E/K be an elliptic curve. We define the curve

B o E if ' has good reduction
* E\ {singular point } if £ has bad reduction

Remark. The chord-and-tangent process still produces a group law on Ens since there is
no danger of running into singular points.
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Proposition 3.2.10. Let E/K have bad reduction. Then we have one of two cases

—_— ~ —

Ew(F)=Gu(K) or  Ew(K)=G(K)

In the former case, we say that E has multiplicative reduction. In the latter case, we
say that E has additive reduction.

Proof. Proof omitted. O

Definition 3.2.11. Let £/K be an elliptic curve. We define
Ey(K) = {P € E(K)| P € Ew(Fx)}

Proposition 3.2.12. Ey(K) is quubgroup of E(K) and reduction modulo 7 is a surjective
group homomorphism Ey(K) — Eus(K).

Proof. We first check that Fy(K) is indeed a group. To this end, fix P, P, € Ey(K).
Let Py € E(K) be such that P, + P, + P; = Op. We claim that P; € Ey(K) so that
P+ P, = —P; € Ey(K). By definition, P;, P,, Py all lie on a line, say [ : ax+by+cz = 0 for
some a,b € K. We may assume, without loss of generality, that min{v(a), v(b),v(c)} = 0.
Reducing this line modulo 7 yields a line IE ax +bx + Gz = 0. Then E, ]3;, /]5; all lie on 1.
Now since Py, P, € Ey(K), we have P, P, € E,(F,) so that Py € E,(F,). By definition,
we then have that P; € E(K).

We now prove the surjectivity assertion. Suppose that £ admits the Weierstrass equation
y* = 2® +ar+b. Let f(z,y) =y* —2® —ax —b. Fix P € Ew(Fk)\ {Oz}. We need
to exhibit P € F(K) that maps to P under the reduction map. Say P = (%o, Yo) for some

Zo, Yo € Ok. Since P is nonsingular, we have one of the following cases:

L (. 00) 20 (mod )
(o) #0 (mod m)

First suppose the first case holds. Set g(t) = f(t,40) € Oklt]. Then g(zy) = 0 (mod 7)
and ¢'(zo) € O%. By Hensel’'s Lemma, there exists b € O such that g(b) = 0 and b = =
(mod 7). Then P = (b,yo) € E(K) reduces to P as desired. The second case is similar so
it follows that the reduction map is surjective. O]

Lemma 3.2.13. If |Fg| < oo then P"(K) is compact with respect to the mw-adic topology.

Proof. Suppose that |Fx| < oo. Then each O /7n"Ok is compact when equipped with
the discrete topology. By Tychonoff’s Theorem, [[ Ok /n"Of is compact. Since O is
isomorphic to 1£1 Ok /7" Ok which is a closed subspace of [[ Ox /7" Ok, it follows that Ok
is compact. Now, P"(K) is the union of compact sets

{lao: -+ ai—1:1:ai11,...,a,] | a; € O }
so P*(K) is itself compact. O

Lemma 3.2.14. If |Fg| < co then Eo(K) has finite indez in E(K).
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Proof. By Lemma [3.2.13) P"(K) is compact. Since F(K) C P?(K) is a closed subset, it
follows that (E(K), +) is a compact topological group. If Ey(K) = E(K) then we are done
so suppose that E has a singular point, say (o, o). Then

E(K)N\Eo(K) = { (z,y) € E(K) [v(z —x0) = Lo(y —yo) > 1}

is a closed subset of E(K) so that Ey(K) is open. Now, the cosets of Ey(K) in F(K) given
an open cover of F(K). But E(K) is compact so this open cover must have a finite subcover.
But cosets are pairwise disjoint so there must be finitely many cosets to begin with. This is
exactly what it means for Ey(K) to have finite index in F(K). O

Definition 3.2.15. We define the Tamagawa number of E, denoted cx(E) to be [E(K) :
Eo(K)].

Proposition 3.2.16. Let E/K have split multiplicative reduction (in other words, Ens =Gy
over K). Then cx(E) = vp(A). Otherwise, cx(E) < 4.

Proof. Proof omitted. m

Theorem 3.2.17. Let K/Q, be a finite extension. Then E(K) has a subgroup of finite
index isomorphic to (O, +). In paticular E(K )i is finite.

Proof. For large enough 7, we have that E,.(K) = Ok. This is a subgroup of Ey(K) which
has finite index so that E,.(K') necessarily has finite index in E(K).

To see that E(K )i is finite, first observe that E,.(Ok) = Ok is torsion free. Hence
E(K )wors — E(K)/E,(K). But the latter is finite. O

Remark. We denote by K™ the union of all finite unramified extensions of the local field
K.

Theorem 3.2.18. Let K/Q, be a finite extension and E/K an elliptic curve with good
reduction. Suppose that ptn. If P € E(K) then K([n]"'P)/K is unramified.

Proof. Let K,, denote the unique unramified extension of K of degree m. Then for all m > 1
we have a short exact sequence

0 — By(K,) — BE(K,) — E(K,,) —— 0
Taking the union over all such m, we get a commutative diagram

0 —— BE(K™) —— E(K™) —— E(F) —— 0

0 — By (K™) —— BE(K"™) — E(F) —— 0

where F is the residue field of K. By Corollary |3.1.14} the first vertical map is an isomor-

phism since n is invertible in Ok. Since [n| : E(F) — E(F) is a non-constant isogeny, it is
surjective. Applying the Snake Lemma then gives us an exact sequence

0 —— BE(K™)[n] —— E[F)[n] —— 0
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so that F(K")[n] = E(F)[n] = (Z/nZ)? and E(K™)/nE(K™) = 0. But we also have that
E(K)[n| = (Z/nZ)?* so, in fact, E(K™)[n] = E(K)[n].
Now, by the above discussion, given P € F(K), there exists a Q € E(K") such that

n@ = P. Then

n]'P={Q+T|T¢€ E(K
={Q+T|TeEK

)]}
“)lnl }

Hence [n]7'!P C E(K™) so that K([n]~!'P) is unramified as claimed. O

4 The Torsion Subgroup

4.1 Basic Results

Throughout this section, let K be a number field and p a finite prime of K. By K, we
mean the completion of K at p. By F, we mean the residue field of K. By v, we mean the
p-adic valuation on K.

Definition 4.1.1. Let E/K be an elliptic curve. We say that a prime p of K is a prime
of good reduction (resp. prime of bad reduction) for F if F/K, has good reduction
(resp. bad reduction).

Lemma 4.1.2. Let E/K be an elliptic curve. Then E has only finitely many primes of bad
reduction.

Proof. Fix a Weierstrass equation for £ with ay,...,as € Ok. Since E is non-singular, we
necessarily have that A # 0 and A € Og. Write

(A) =pi*..opy

for the unique factorisation of (A) into prime ideals. Let S = {py,...,p, }. If p &€ S then
vp(A) = 0 so that £/K, has good reduction. Hence the primes of bad reduction of E are
contained in S. O

Remark. If K has class number 1, for example Q, then there exists a globally minimal
Weierstrass model for F.

Lemma 4.1.3. Let E/K be a number field. Then E(K )ios S finite.

Proof. Fix a prime of good reduction p of K. Then E(K)ios C E(Kp)tors. But Theorem
3.2.17] implies that the latter is finite. O]

Lemma 4.1.4. Let E/K be an elliptic curve and p a prime of good reduction of E. Ifp{n
for some integer n then reduction modulo p induces an injective group homomorphism

E(K)[n] = E(Ky)[n] = E(Fy)
Proof. By Proposition [3.2.12] we have a group homomorphism
E(K,) — E(F,)

with kernel F;(K,). By Corollary [3.1.14] and the fact that p t n, E;(K,) has no n-torsion

and so we get the claimed injection. O
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p |2 35 7 11 13
E(F,)[ |5 5 5 10 - 10

Example 4.1.5. Consider the elliptic curve £/Q given by the Weierstrass equation y? —y =
2> — 2%, Then A = —11. Hence E has good reduction at all primes p # 11. Through
calculations, it can be shown that

The subgroup of E(Q)ios corresponding to all the non 2-torsion points embeds into Fs.
Hence |F(Q)ors| divides 2% - 5 for some a > 0. Similarly, |E(Q)ors| divides 3° - 5 for some
b > 0. It then follows that |E(Q)ios| divides 5. Hence it is either trivial or the cyclic group
of order 5. Let T' = (0,0) € E(Q). A calculation shows that 57 = Op so that, indeed,
E(Q)uons = Z/5L.

Example 4.1.6. Consider the elliptic curve E/Q given by the Weierstrass equation y>+y =
2% + 22, Then A = —43. Hence E has good reduction at all primes p # 11. Through
calculations, it can be shown that

p |23 5 7 11 13
|E(F,)| |5 6 10 8 9 19

The subgroup of E(Q)ios corresponding to all the non 2-torsion points embeds into F.
Hence |E(Q)iors| divides 2¢ - 5 for some a > 0. Similarly, |E(Q);ors| divides 11° - 9 for some
b > 0. But then it is clear that F(Q)ios = 0. Hence T'= (0,0) € E(Q) has infinite order
whence rank(E(Q)) > 1.

Example 4.1.7. Consider the elliptic curve Ep/Q given by the Weierstrass equation y? =
x® — D%z for some square-free D € Z. Then A = 26DS. Since the Weierstrass equation is
in Legendre form, the 2-torsion is given by roots of the cubic:

Ep(Q)[2] ={0,(0,0), (£D,0) } = (2/22)*

Define f(X) = X3 — D?X and suppose that p{2D. Then

EoE) =1+ [ 5 (42 1

z€lFp

where the term of the summation is the Legendre symbol plus 1 (which accounts for the -1
in the definition and the fact that if f(X) is a square then its a square in 2 ways). Now,

f(X)isodd. If p=3 (mod 4) then
fz)
(%)

<M) _ (ﬂ) _ <—_1> (@) _
p p p p
Hence the Legendre symbols all cancel out and we are left with |Ep(F,)| = p + 1. Now let

m = |Ep(Q)sors|- Then 4 | m | p+ 1 for all sufficiently large primes p with p = 3 (mod 4).

We claim that 8 { m. Suppose that it does and consider the sequence {8n + 3}, . If 8043
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were prime for some n then it would be congruent to 3 (mod 4). Hence for sufficiently large
n, we would have that 8 | m | 8n+4 which is absurd. Thus 8n+3 is not prime for any n € N.
But this contradicts Dirichlet’s Theorem on Primes in Arithmetic Progressions. Therefore
we must have 8  m. Hence m = 4 and we see that Fp(Q)os = (Z/27Z)*. Then

rank(Ep(Q)) > 1 <= 3,y € Q,y* = 2° — D*x <= D is congruent

4.2 Criterion of Lutz-Nagell

Lemma 4.2.1. Let E/Q be an elliptic curve given by a Weierstrass Equation with ay, ..., ag €
Z. Let 0 £ T = (x,y) € E(Q)tors- Then

1. 42,8y € Z.
2. If 2| ay or 2T # 0 then x,y € Z.
Proof. Fix a prime p and consider
Q) = Bp'Z,) = { (@) € B(Q) | vy(2) < —2r.1,(y) < —3r } U {0}

By Lemma |3.2.2| we see that

E(Qp) \ Ey (Qp)
Er(@p) \ Erfl((@p)

(z,y) € E(Qp | vp(z) > 0,v,(y) >0}

{
{(z,y) € E/(Qp [ vp(z) > =2r,0,(y) > =37}

Moreover,
E(per) = (Zpa)

for r > ﬁ' This implies that E (4Z5) and E (pZ,) are torsion free for all odd p. We must
therefore have that vy(x) > —2, va(y) > —3, vy(x) > 0 and v,(y) > 0. This implies that
4x,8y € 7 as claimed. R

To prove the second claim, suppose that T € E(2Zs). Recall that

~

E(2Zs) .. ~
7Bz, = T

Since F (475) is torsion free, it follows that the class of T', [T'], maps to 1 under this isomor-
phism. But then 2[T] = 0 and so 27" € E(4Z,). Since the latter is torsion free, we must
have that 27" = 0. Hence

(v,y) =T =-T = (v,~y — a1x — a)

Equating the second coordinates, we have that 2y-+a,z+as = 0. Since T € E(2Z5)\ E(4Zy),
we necessarily have that ve(z) = —2 and vy(y) = —3. Multiplying the equation by 4, we
then have 8y + a;(4x) + 4az = 0. Then 8y and 4x are necessarily odd and 4a3 is necessarily
even. It then follows that a; must be odd.

Hence if T is not a 2-torsion point or if a; is even, we derive a contradiction. This forces
T & E(27Z3) whence z,y € Z. O

Theorem 4.2.2 (Lutz-Nagell). Let E/Q be an elliptic curve with Weierstrass equation
y =23+ ax +0b for some a,b € Z. Let Op #T € E(Q)tors, say T = (x,y). Then x,y € Z
and either y =0 or y? | 4a® + 270* | A.
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Proof. First suppose that 1" is a 2-torsion point. Then y = 0 since the Weierstrass equation
is in Legendre form. Now suppose that 0 # 27 = (z3,¥2). By Lemma x9,Ys € Z.
Write f(X) = X3+aX +b. Using the explicit addition law (and the fact that we are adding
the same point to itself so we need to make use of the tangent line at T'), we have

/ 2
Ty = (M) — 2z
2y
Since everything is an integer, we necessarily have that y | f'(x). Now, E is non-singular
so that f(X) and f/(X) are coprime. Clearly, then, f(X) and f/(X)? are coprime so there

exists g, h € Q[X] such that g(X)f(X) + h(X)f'(X)?> = 1. A clever guess (or a lengthy
calculation) explicitly yields

so that
(322 +4a) f/(X)? — 27(X? + aX — b) f(X) = 4a® + 270
Since y*> = f(x) and y | f/(x), it then follows that y? | 4a® + 27b* as claimed. O

Remark. Mazur showed that the torsion group is one of the following

B(Q)re = Z/nZ if1<n<12;n#1
ST Z)2Z x Z)2nZ if1<n <4

5 Kummer Theory

5.1 Kummer Extensions

Let K be a field such that char(K) { n. Let u, be the group of n*" roots of unity in K
and suppose that pu, C K.

Lemma 5.1.1. Let A C K*/(K*)" be a finite subgroup. Let L = K(/A). Then L/K is
Galois and Gal(L/K) = Hom(A, ).

Proof. Since p,, C K, it follows that L is normal. Since char(K) { n, L is also separable so
that L is Galois. Now define the so-called Kummer pairing

-,y Gal(L/K) x A = py,
o(Y/x)

U
We first check that this is well-defined. In other words, (-,-) does not depend on the chosen
n' root of x. Suppose that a® = " = z. Then (a/B)" = 1 so that /B € p, C K. It
then follows that o(a/f) = a/pf for all o € Gal(L/K) so that o(a)/a = o(B)/p for all
o€ Gal(L/K).

We next show that (-, ) is bilinear. Indeed, we have

(D) _ ()5 7(5/7)
R O

(o,2) —

(oT,x) = = (o, ) (1, x)
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where we have used the fact that 7(/x) is another n'* root of . Moreover,
MT) _ AT _ 50 (5,
/Ty Ve o 3y B

We now claim that (-,-) is non-degenerate. We first check non-degeneracy in the first
argument. Fix o € Gal(L/K). Then

<U’ "L‘y> =

(o,) =1forallz € A = o(Yz) = Yz forallz € A
—> o fixes L
== o=1

We now check non-degeneracy in the second argument. Fix x € A. Then

(o,2) =1for all 0 € Gal(L/K) = o(3/z) = {/x for all o € Gal(L/K)
— Ve K
— x e (K°)"

The Kummer pairing induces group homomorphisms

Gal(L/K) — Hom(A, uy,)
A — Hom(Gal(L/K), un)

which are injections by non-degeneracy. Viewing Hom(A, u,,) as the dual to A, it is an
abelian group of exponent dividing n whence Gal(L/K) is as well. Moreover this injections
imply that

| Gal(L/K)| < [A] < | Gal(L/K)|

Hence the above injections are in fact isomorphisms and Gal(L/K) = Hom(A,u,) as
claimed. ]

Theorem 5.1.2. There is a one-to-one correspondence

te sub ite abeli tensi
{ finite subgroups of } { finite abelian extensions }

K> J(K*)™ of exponent dividing n
A —s K(VA)
LX n KX

()
Proof. Fix an abelian extension L/K of exponent dividing n. Define

(LX)’R ﬂ KX

8= o

Then, clearly, K ({VZ) C L. We need to show that they are in fact equal. Let G =
Gal(L/K). Then the Kummer pairing induces an injection

¢ : A — Hom(G, )
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We claim that ¢ is surjective. To this end, fix a group homomorphism x : G — p,. Since
distinct automorphisms are linearly independent, there must exist a € L such that

y=> x(7)7'r(a) #0
T7€G
Now fix ¢ € G. Then

ZX aTa

TEG

=Y x(ot) ()

T€G
=> x(e ) ()™
T€G
= x(o)y
But x(0) is an n'* root of unity so we must have that o(y") = y" for all ¢ € G. Set x = y".

Then z € K* N (L*)" so x € A and is a prieimage of y under ¢. Hence ¢ is surjective as
claimed.

We thus have that |A| =2 Hom(G, p,,) so that |[A| = |G|. By Lemma we then have
that

[K(VA):K]=|A|= |G| =[L: K]
and so L = K(3/A). It remains to show that if A g ) and
(LX)anX

(E)"

then A = A/, It is clear that A C A’ so that L = K*({/A) C K(¥/A’) C L. Lemmal5.1.1]
then implies that |A| = |A’| so that A = A’

Lemma 5.1.3. Let K be a number field and S a finite set of primes of K, n > 2. Then the
set

A=

X

K(S,n) = {ZEGK/(KX)n

vy(x) =0 (mod n) for allp & S }
is finite.

Proof. Consider the group homomorphism
S|
K(S, n) — (Z/nz)

= (0p(7))pes

This clearly has kernel K (@, n). If we can show that K(&,n) is finite then this will imply
that K(S,n) is finite since the codomain of the above homomorphism is finite.

Let x € K* represent an element of K (&, n). Then (z) = a” for some fractional ideal a
of K. We then have an exact sequence

0 —— (OK)X/«,)IX{)n —— K(@,n) —— Ckg[n] —— 0

r — |q]
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where Ck is the ideal class group of K which is finite. Moreover, Dirichlet’s Unit Theorem
implies that Oy is finitely generated so we must have that K (@,n) is finite. O

Proposition 5.1.4. Let K be a number field such that p, C K. Let S be a a finile set of
primes of K. Then there are only finitely many abelian extensions L/ K of exponent dividing
n that are unramified at all primes p &€ S.

Proof. Fix an abelian extension L/K of exponent n, unramified at all primes p ¢ S. By
Theorem [5.1.2, L = K (3/A) for some finite subgroup A C K* /(K*)". Let p be a prime of
K and

]JOL = ? R mir
its unique factorisation into prime ideals in Oyp. If x € K* represents an element of A then
nug, (V) = vy, (2) = evy(2)

Now if p ¢ S then all the e; are 1 so that v,y =0 (mod n) for all z € K*. Lemma m
then implies that there are only finitely many such extensions L. O]

6 The Mordell-Weil Theorem

6.1 The Weak Mordell-Weil Theorem

Lemma 6.1.1. Let K be a field and E/K an elliptic curve. If L/K is a finite Galois
extension then the natural map induced by the inclusion

¢: E(K)/nE(K)— E(L)/nE(L)
has finite kernel.

Proof. Let P € E(K) represent an element of the kernel of the above mapping. Then
P = nQ for some Q) € E(L). Given o € Gal(L/K) we have

n(o(@) - Q) =o(P)-P=0
so that 0(Q) — @ € E[n]. Now consider the map

Gal(L/K) — E[n]
c—o(Q)—-Q

Since both Gal(L/K) and Eln| are finite, there are only finitely many possibilities for this
map.

Now suppose that Py, P, € E(K) with nQ; = P; for some Q; € E(L). If 0(Q1) — Q1 =
0(Q2) — Qs for all 0 € Gal(L/K) then o(Q; — Q2) = Q1 — Qs for all o € Gal(L/K) and so
Q1 — Q2 € E(K) whence P, — P, € nE(K). |

Theorem 6.1.2 (Weak Mordell-Weil Theorem). Let K be a number field and E/K an
elliptic curve. If n > 2 then E(K)/nE(K) is finite.
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Proof. By Lemmawe may assume, without loss of generality, that p, C K and E[n] C
E(K). Let S be the set of all primes of bad reduction for E together with all primes of
K dividing n. For each P € F(K), the extension K([n]™'P)/K is unramified at all primes
outside of S by Theorem [3.2.18 Fix Q € [n]~'P. Note that

] 'P={Q+T|Tc E[n]}

But E[n] C E(K) so we have that K(Q) = K([n]'P) which is a Galois extension. We
claim that Gal(L/K) injects into E[n] & (Z/nZ)? via the map

¢: Gal(K(Q)/K) — Eln]
o—0(Q)—Q

We must first show that this is a group homomorphism. Indeed, we have

(0m)(@) = Q=0(7(Q) - Q) +0(Q) —Q =7(Q) —Q+0(Q) - Q

To see that it is injective, suppose that 0(Q) — @ = 0. Then o fixes K(Q) pointwise whence
o=1.

We thus see that K(Q)/K is an abelian extension of exponent dividing n and unramified
outside of S. Proposition then implies that there are only finitely many possibilities
for K(Q). Let L be the compositum (inside K) of all these extensions. Then L/K is finite
and Galois and the natural map

E(K)/nE(K) — E(L)/nE(L)

is the zero map since every P € FE(K) is n@Q = P for some ) € F(L). Lemma then
implies that E(K)/nE(K) is finite. O

Remark. If K =R, C or a finite extension of Q, then E(K)/nE(K) is finite but E(K) is
not finitely generated (indeed, it is uncountable).

6.2 Heights
For simplicity, we assume that K = Q.

Definition 6.2.1. We define a function

H:P"Q) —»Z
P +— max |a]
0<i<n

where P = [ag : a; : -+ : a,) is a representative of P satisfying a; € Z and ged,(a;) = 1.

Lemma 6.2.2. Let f1, fo» € Q[X1, Xs] be coprime homogeneous polynomials of degree d.
Define the function

F:PY(Q) = PY(Q)
(1’1 D Tg) (f1(9517I2) : f2($1,1‘2))

Then there exists C1,Cy > 0 such that
CiH(P)* < H(F(P)) < CH(P)*
for all P € PY(Q).
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Proof. Without loss of generality, we may assume that fi, fo € Z. We first exhibit an upper
bound. Write P = [a : b] with a,b € Z coprime. Then

H(F(P)) < max{| fi(a, )], |f2(a,b)|} < Comax{lal”, [b]"}

where () is the maximum over i of the sum of the absolute values of the coefficients of f;.
We now exhibit the lower bound. We claim that there exist homogeneous polynomials
Gij € Z[ X1, X5] of degree d — 1 and an integer k£ > 0 such that

2
Z gisf; = kX2
j=1

Indeed, applying Euclid’s algorithm to fi(X, 1) and f5(X, 1) yield polynomials r, s € Q[X]
of degree striclty less than d such that

r(X)AX 1) +s(X) f2(X1) =1

since f1(X,1) and f2(X, 1) are coprime. Homogenising and clearing denominators gives the
desired equation with ¢ = 2. We can repeat this argument for ¢ = 1 to get the desired g;;.
Now write P = [a; : as] with a;,as € Z coprime. Then the above argument gives

2
> gij(a1,a9) fi(ar, a5) = ka?*!

=1

for i = 1,2. Then gecd(fi(ar,as), folay, as)) divides ged(ka2®! ka3*") = k. But we also
have
2

ka2 < max((fy(ar,a)]) Y los(ar,a2)

J=1

Trivially, max;—12(|fj(a1,a2)] < kH(F(P)). Moreover, Z§:1 gij(ar, a0)| < ~vH(P)4!
where 7; is the sum over j of the absolute values of the coefficients of g;;. Hence

|a;|**" < v H(F(P)H(P)*!

so that
H(P)**™" < max{y, 7.} H(F(P))H(P)""
whence
1 d
el HUPY < H(E(P)

[l
Remark. Given z € Q, let H(z) := H(x : 1).

Definition 6.2.3. Let £/Q be an elliptic curve with Weierstrass equation y? = z® + ax +b.
We define the height on E to be the function

H : E(Q) — R21

H(z) if P = (z,y)
PH{ 1 i P=0

Moreover, we define the logarithmic height to be the function

h: E(Q) = Ry
P log H(P)
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Lemma 6.2.4. Let E and E’ be elliptic curves over Q and ¢ : By — Ey an isogeny defined
over Q. Then there exists a constant C' > 0 such that

|h(¢(P)) — (deg 9)h(P)| < C
for all P € E(Q).
Proof. By Lemma [2.4.8] we have a commutative diagram

ElLEQ

lxl lmz
P LN Pl

such that deg¢ = degé = d, say. By Lemma [6.2.2 there exists constants C,Cy > 0 such
that

CLH(PY! < H(6(P)) < CoH(P)’
Taking logarithms across this inequality yields
[1(¢(P)) — dh(p)| < max{log(c,), —log(c1)}
as desired. ]
Example 6.2.5. ¢ = [2] : E — E. Then there exists ¢ > 0 such that
|h(2P) —4h(P)| < C
for all P € E(Q).

Proposition 6.2.6. Let E/Q be an elliptic curve. Then the function

h(P) = lim ih(znp)

n—oo 4m

is well-defined and called the canonical height on E.

Proof. We need to show that this limit actually exists. We shall thus show that for all
P € E(Q), the sequence { zh(2"P) } <y is Cauchy in R. To this end, fix m > n. Then

1 1 ang 1
—h(2™P) — —h(2"P)| < ——h(2™P) — —h(2"P
CTP) ~ P S | henP) — e

m—1

1 T T
<> o lh@ +1pP) — 4n(2"P)|

By Lemma [6.2.4] we can bound the absolute value by some ¢ > 0. So

m—1
1 m " 1 c
’4 h(2 P)——h(2 P'<c§:4r+1:3_4n

which goes to 0 as n — oco. Hence the series is Cauchy and the canonical height is well-
defined. O
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Lemma 6.2.7. Let E/Q be an elliptic curve. Then |h(P) —ﬁ(P)| is bounded for all P €
E@Q).

Proof. This is immediate upon setting n = 0 in the above proof and taking m — oo. O]

Lemma 6.2.8. Let E/Q be an elliptic curve. Then for all B > 0, the set
{PeEQ)]|P)<B}

is finite

Proof. 1f E(P) is bounded then so is h(P). Then there are only finitely many possibilities

for the xz-coordinate of P. Moreover, given any z, there is at most 2 values of y such that
(x,y) € E(Q) so there can only be finitely many such P. ]

Lemma 6.2.9. Let ¢ : E — E’ be an isogeny of elliptic curves defined over Q. Then
h((P)) = (deg ¢)h(P)
for all P € Q.
Proof. By Lemma [6.2.4] there exists a constant ¢ > 0 such that
[h(¢(P)) — (deg 9)h(P)| < ¢
We can replace P by 2" P and divide through by 4" to get

1 deg ¢ c
—h(2"¢(P)) — 2"P —
S h(26(P)) - “ECh(@rP)| <
Passing to the limit n — oo yields the assertion of the Lemma. O]

Remark. The above Lemma shows that the canonical height is independent of the choice of
Weierstrass equation (two Weierstrass models are isomorphic so the isogeny between them

has degree 1). Moreover, taking ¢ = [n] shows that h(nP) = n?h(P).
Lemma 6.2.10. Let E/Q be an elliptic curve. Then there exists C' > 0 such that
H(P +Q)H(P - Q) < CH(PYH(Q)?
for all P,Q € E(Q) with P+ Q,P —Q,P,Q # Og.
Proof. Let E have Weierstrass equation
v =1 +axr+b

Let xq,...,x4 be the z-coordinates of P,Q, P + @), P — () respectively. By Lemma [2.4.12]
there exist polynomials wg, wy, wy € Z[x1, x9] of degree at most 2 in x; and degree at most
2 in w9 such that we have an equality of ratios

(1: x5 — x4 w324) = (Wo : Wy = wo)
Write z; = r;/s; for r;,s; € Z coprime. Then
(5384 : 7384 + 1483 1 7374) = (1189 —1989)% 1 ---:...)
Note that ged(sysy, r3sy — ryss,rsry) = 1. Then

H(P + Q)H(P — Q) = max{|rs], [s3|} max{|ry|, |sa[}
< 2max{|s3s4l, |r3s4 + T4S3|, |r3ral}

< CH(P)H(Q)’

for some constant C' depending on E but not on P or Q). O
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Theorem 6.2.11. Let E/Q be an elliptic curve. Then R E(Q) — Rx¢ is a quadratic form.
Proof. By Lemma there exists a constant C' > 0 such that
H(P+Q)H(P - Q) < CH(P)*H(Q)?
for all P,Q € E(Q) such that P,Q, P + Q, P — QQ # Op. Taking the logarithm across this
inequality yields
h(P+ Q)+ h(P—Q)<c+2h(P)+2h(Q)

for some constant ¢’ > 0 and for all P,Q) € E(Q) such that P,Q, P+ Q, P —Q # Op. Now,
if P or () are O then we trivially have such a bound. If P — @Q = O then P = () and
so the fact that |h(2P) — 4h(P)| is bounded also ensures that we have such a bound in this
case. The case where P + Q = Op is similar (since the z coordinates of inverses are the
same).

Replacing P and ) by 2"P and 2"(Q), dividing through by 4™ and then passing to the
limit n — oo then gives

R(P + Q)+ h(P — Q) < 2h(P) + 2h(Q)

Replacing P, Q with P 4+ @ and P — () and using the fact that E(QP) = 4ﬁ(P) yields
4h(P) + 4Q) < 2h(P + Q) + 2h(P — Q)

so that h satisfies the parallelogram law. Hence hisa quadratic form. O

Remark. Let K be a number field and P = [ag : -+ : a,] € P*"(K). We define H(P) =
Hp maxo<i<n |a;|y for the primes of K where the absolute values are normalised so that
[, x|y for all z € K*. For z € K, let H(x) = H([z : 1]) = [[, max{|z|y,1}. Then we have
similar results as before for this H.

6.3 Proving the Mordell-Weil Theorem

Theorem 6.3.1 (Mordell-Weil). Let K be a number field and E/K an elliptic curve. Then
E(K) is a finitely generated abelian group.

Proof. Fix aninteger n > 2. By the Weak Mordell-Weil Theorem, we know that E(K)/nE(K)
is finite. Choose coset representatives Py, ..., P. € FE(K) for this factor group. Define the
set

S ={PeEK)|hP)< max h(P)}

— 1<i<r

We claim that 3 generates F(K'). Suppose that ¥ does not generate F(K). Then there
exists P € E(K) of minimal height that does not lie in the subgroup of E(K) generated by
Y. Indeed fix P ¢ (X). Then the set

{Qe B(K) [ MQ) <h(P).Q ¢ (D)}
is finite so it has an element with minimal height. Since the P; are coset representatives of

E(K)/nE(K), we must have that P = P, + n@ for some 1 <i <r and @ ¢ (X). By the

o~

minimality of h(P), we have that i(P) < h(Q). Then
4R(P) < 4h(Q) < n2h(Q) = h(nQ) = h(P — Pi)
W(P — P,) 4+ h(P + P)
2h(P) + 2h(P,)

<

44



so that E(P) < /B(PZ) But then P € ¥ which is a contradiction. Hence ¥ generates F(K).
Now, ¥ is finite which implies that E(K) is finitely generated as claimed. O

7 Dual Isogenies and the Weil Pairing

7.1 Dual Isogenies
Throughout this section, assume that K is a perfect field.

Proposition 7.1.1. Let E/K be an elliptic curve and ® C E(K) a finite G(K /K)-stable
subgroup. Then there exists an elliptic curve E' defined over K and a separable isogeny
¢ : E — E' such that every isogeny ¢ : E — E' with ® C ker v factors uniquely through ¢.

Proof. Proof omitted. m

Proposition 7.1.2. Let ¢ : E — E’ be an isogeny of elliptic curves. Then there exists a
unique isogeny ¢ : B’ — E such that ¢¢ = [deg ¢]. We refer to ¢ as the dual isogeny.

Proof. We shall only prove the case where ¢ is separable. Indeed, if ¢ is separable then
| ker ¢| = n so that ker ¢ C E[n] = ker[n]. Applying Proposition with ¢ = [n].

To see that @E is unique, suppose that 1 and 1) satisfy ¢, 0¢ = 1py0¢. Then (¢ —1)9)op =
0 so that deg(y; — 19)deg(¢p) = 0. But deg(¢) # 0 so deg(yy — ¥5) = 0. But then
1 = 1s. O

Remark.

1. E~FE <= FE,FE are isogenous is an equivalence relation.

2. deg[n] =n? = [/n\] = [n] and so deg ¢ = deg .

3. 6% = dlnlp = [n]po s0 66 = [n]p. In particular, ¢ = 6.
4. If ¢ : E — E', ¢ : E' — E” are isogenies then @ZZZ) = éﬁ\{/z\

o~

. If ¢ € End(E) then ¢ — (tr ¢)¢+deg ¢ = 0 so that ¢ = (tr ) —¢ whence tr(¢) = ¢+ .

(S

Lemma 7.1.3. Let E and E' be elliptic curves and ¢, € Hom(E, E"). Then

—

G+P=0+19
Proof. First suppose that £ = E’. Then
GHU+ O+ D =tr(p+ V) =tro+tr =0+ +U+ 0

so that m =($+17/D\.
Now, for the general case, we have that

b+ 06 = 06+ pv = dp + P = (b + )¢

Whencegb+@/1:g/b\+{b\ O
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7.2 The Weil Pairing
Definition 7.2.1. Let E be an elliptic curve. We define a map

sum : Div(E) — F

> ny(P) =Y n,P
Lemma 7.2.2. Let E be an elliptic curve and D € Div(E) a divisor. Then D ~ 0 if and
only if deg D = 0 and sumD = Og.
Proof. Recall that we have an isomorphism
¢ : E — Pic’(E)
P [P —0]

Composing this with sum, we see that (P) — (Q) € Div’(E) maps to P — @ maps to
¢(P)—p(Q) = [P—0]—[Q—0] = [P—Q)]. Hence, in general, D € Div’(E) maps to [D]. O

We now define the Weil pairing. Suppose we have an isogeny of elliptic curves ¢ : E —
E’ of degree n and assume that the base field K satisfies char(K) 1 n. The Weil pairing
shall be a mapping

eo : Bl¢] x E'[¢] — pn

Fix T € E'[¢]. Then T € ker(¢¢) = ker[n] so that nT = Op. By Lemma [7.2.2, we then
have that n(T) — n(Og) ~ 0 so that n(T) ~ n(Og/). By definition of this equivalence
relation, we can find f € K(E')* such that div(f) = n(T) — n(Og).

Now choose Ty € E(K) such that ¢(Tp) = T. Then

o) =" (Op)= D elP)P)~ D es(P)(Ok)

pPegp=1(T) Pe¢=H(T)
= > (P+T)— Y (P)
PEE[g] PEE[g]
where we have used the fact that isogenies do not ramify. Since |E[¢]| = deg¢ = n, the

above divisor has sum
nTy = ¢6(To) = §(T) = 0
So appealing to Lemma once more shows that there exists ¢ € K(E)* such that
div(g) = *(T) - 6" (Op). Now,
div(¢™f) = ¢"(div(f)) = n(¢"(T) — ¢"(Op)) = div(g")
Since any two rational functions with the same divisor are the same up to a constant, we
have ¢*f = cg™ for some ¢ € K. After rescaling f, we may assume that ¢ = 1 so that

o*f=g"
Now fix S € E[¢|. Then
div(7r5g) = T5div(g)
=715 (¢"(T) — ¢"(Op))
= (¢o75)"(T) — (¢ 075)"(Ok)

¢"(T) — ¢*(Og)
= div(g)
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Hence there exists ¢ € K™ such that 75(9) = ¢. In other words,

¢ = g(X +9)
9(X)

independently of the choice of X € F(K). Since S € E[¢], we then have

n_ 9X+9"  fle(X+5)) _ f(e(X))

dr ) )

¢

We then define
g(X +9)
9(X)

Proposition 7.2.3. Let ¢ : E — E’ be an isogeny of elliptic curves of degree n. Then ey is
bilinear and non-degenerate.

6¢)(S, T) =

Proof. We first check linearity in the first argument. We have

X+ 514+ 85s) g(X + Ss)
g(X + 5) 9(X)
= ey(51,T) + €4(592, T)

€¢(Sl + SQ,T) = g<

~

We next check linearity in the second argument. To this end, fix T},Ty € E’[¢]. Then we
can find fi, f» € K(E')* such that div(f;) = n(T}) — n(Og) and div(fs) = n(T3) — n(Ow).
Moreover, we can find gi,g, € K(E')* such that ¢*f; = ¢* and ¢*f, = g%. By Lemma
, there exists h € K (E') such that

div(h) = (Ty) + (Tz) — (Ty + T) — (0g')

Now define

f= fifo _ 9192
w9 T o

We have that
div(f) = div(f1) + div(f2) — ndiv(h)
=n(T1) — n(Og) + n(T) — n(Og) — n(Ty) — n(Ts)
+ ’fL(Tl + TQ) + n(OE/)
=n(Ty + T2) = n(Op)

Moreover
% p " f10" f [ 9192 n: n
1= = (5) =
So that
€¢(S,T1 —|—T2) _ g(X+S) _ gl(X+S)92(X +S) h’(qb(X)) — 6¢(S,T1)6¢(S,TQ)

9(X) n(X)g2(X)  h(o(X +5))

-~

We first check non-degeneracy on the left. To this end, fix T € E'[¢] and suppose that
ey(S,T) = 1forall S € E[¢p]. We need to show that T = Op. We have that g(X+95) = g(X)
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for all S € E[¢] and X € E(K). This implies that 749 = g for all S € E[¢]. Note that
we have a Galois extension K(F)/¢*K(E') with Galois group E[¢] which acts on K(E) as
5. Since 759 = g for all S, it follows by Galois Theory that g € ¢*K(E’') so g = ¢*h for
some h € K(E'). So then ¢*f = g" = ¢*h™ whence f = h". We must therefore have that
div(h) = (T') — (Og) and so, forcibly, ' = Op.

We have shown that there exists an injection

E'[¢] = Hom(E[g], 1)

T +— €¢(', T)
But, |E[¢]| = |E [(E]\ = n. Hence the above injection must be an isomorphism. We then
immediately have non-degeneracy on the right by group-theoretic considerations. O]

Proposition 7.2.4. Let ¢ : £ — E’ be an isogeny of elliptic curves of degree n and defined
over K. Then e, is Gal(K /K )-equivariant.

Proof. By the definition of e, we have that div(f
div(af) = n(o(T)) = n(Op) and ¢*(o(f)) = (o(9)
)

(0(9)(a(S) +
(0(9))(X)

) =n(T) —n(Og) and ¢*f = ¢g". Then
)™. Hence
)

X)

ey = (0(5),0(T)) =

]

Remark. If we take ¢ = [n| then we infact get a Weil pairing e,,(S,T) — u, instead of fu,:z.
This is because all the argumentation above works with n? replaced by n.

Corollary 7.2.5. Let E/K be an elliptic curve and suppose that E[n] C E(K). Then
n © K.

Proof. Fix S € E[n] of exact order n. By the non-degeneracy of the Weil pairing, we
have that there exists e,(S,T) = (, for some primitive n* root of unity (,. Now fix
o € Gal(K/K). We have

0(Gn) = 0(en(S,T)) = en(0(5),0(T)) = €n(5,T) = Cu

and so ¢, € K whence u, C K. m

8 Galois Cohomology

8.1 Definitions and Facts

Definition 8.1.1. Let G be a finite group. We define a G-module to be an abelian group
M together with an action of G which is compatible with the group structure of A. We
denote the action of 0 € G by m — m?.
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Definition 8.1.2. Let M be a G-module. We define the 0t*-cohomology group of M to
be

HY(G,M)=M®={meM|m’=mforalloc € G}

We define the 1-cochains of M to be

CHG,M)={f:G— M}
We define the 1-cocycles of M to be

ZNG, M) = {(as)sec | a7 = a, for all 0,7 € G'}
We define the 1-coboundaries of M to be
BYG, M) ={(b" —b)yeg | bE M}

Finally, we define the 1%*-cohomology group of M to be

ZNG, M)
H! My=="1="""/
(G? ) Bl(G’ M)
Remark. If G acts trivially on M then H'(G, M) = Hom(G, M).

Theorem 8.1.3. FEvery short exact sequence of G-modules

¢ P

0 > P s M s N > 0

induces a long exact sequence of cohomology groups

0 —— HY(G, P) —“—~ H(G, M) —>— H(G,N)

5/>
(HMG, M) HYG, N

where & is the connecting homomorphism defined as follows. Fizn € H°(G, N) and choose
m € M such that )(m) = n. Define the cochain f € C'(G, M) by f(c) = m° —m and set

o(n) = [f].
Proof. Proof omitted. O

Theorem 8.1.4. Let M be a G-module and H <G a sub-group. Then MY is naturally a
G/H-module and we have a tnflation-restriction sequence

0 —— HYG/H,M) 2L HY(G, M) =+ H'(H,M) —— 0
Proof. Proof omitted. O

Definition 8.1.5. Let K be a perfect field, Gal(K/K) the topological group with basis
of open subgroups Gal(K/L) for [L : K] < oo. Setting G = Gal(K/K), we modify the
previous definitions by insisting that the group action of G on an abelian group M induces
open stabiliser subgroups of G and that the 1-cochains of M are all continuous when M is
equipped with the discrete topology. All the definitions then follow through as before. In
fact, we have

H'(Gal(K/K),M) = lim H'(Gal(L/K), MO0

L/K finite

where the direct limit is taken with respect to the inflation maps.
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Theorem 8.1.6 (Hilbert’s Theorem 90). Let L/K be a finite Galois extension. Then
HY(Gal(L/K),L*) =0

Proof. Fix (my)eec € Z'(G,L*) where G = Gal(L/K). We claim that this is infact 1-
coboundary. Since distinct automorphisms are linearly independent, there exists some y € L
such that

r=> m'r(y) #0

TG

Then

o(x) =Y almy) " (o7)(y)

TEG

=my Yy my(o7)(y)
TeG

= m,x
so that m, = @ whence (m,)seq € BYG, L*). O
Corollary 8.1.7. Let K be a perfect field. Then

HY(Gal(K/K),K*) =0
Corollary 8.1.8. Let K be a perfect field such that char(K){n. Then
H'(Gal(R/K), ) 2 57 e

Proof. Consider the short exact sequence

0 bl y K = K —5 0

This induces a long exact sequence

KX 22y | s HY (Gal(K/K), pin) —— HY(Gal(K/K),K")

But the latter is zero by Hilbert’s Theorem 90 so we get an exact sequence

X

0—— & Agexyn — H(Gal(K/K), ) —— 0

as desired. O

Remark. Now if i, C K then the action of Gal(K/K) on pu, is trivial so we get
R KX
Homes(Gal(K /K), i) = /(KX)H

Remark. From now on, we shall use the notation H'(K,-) := H'(Gal(K /K, -).
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8.2 The Selmer and Tate-Shafarevich Groups

Letgp: £ — £’ be a non-constant isogeny of elliptic curves over a field K. Write E for
E(K). Then we have a short exact sequence of Gal(K /K )-modules

0 —— E|9] yE—2 B > 0
which yields a long exact sequence of cohomology groups

E(K) — E'(K) —— H\(K,E[4]) —— H\(K,E) —*— H\(K, E)

Which induces a short-exact sequence
0 — E'(K)/¢E(K) —— H'(K, E[¢]) — H'(K,E)[¢] — 0

Now let K be a number field and My its set of primes, finite and infinite. For a given
prime p, we fix an embedding K C K, so that Gal(K,/K,) C Gal(K/K). By the above

results, we have a commutative diagram with exact rows

0 — F'(K)/¢E(K) - HYK,E[¢]) ——— HYK,E)[¢] ——— 0

0 — [ F(&)/0E(K,) —— ][] H'(K, El¢)) — ][] H'(K, E)[¢] — 0

pEMK peEMg pPEMy

Where the restriction maps are given coordinate wise by res,, the corresponding restriction
map at the prime p.

Definition 8.2.1. We define the ¢-Selmer group to be the kernel of the dotted homo-
morphism in the diagram above:

SO(E/K) = ker (Hl(K,E[qs]) - 11 Hl(Kp,E)>

peEM

={a € H'(K,E[¢]) | resy(a) € im(d,) Vp € Mg }
Moreover, we define the Tate-Shafarevich group to be

III(E/K) = ker <H1(K, E)— ][ HI(K,J,E))

pEMc
Proposition 8.2.2. There exists an exact sequence
0 — E'(K)/¢E(K) — SY(E/K) —— HI(E/K)[¢] —— 0
In particular, if S (E) is finite then so is E(K)/¢E(K).
Proof. Apply Snake Lemma to the commutative diagram
0 — F(K)/¢E(K) —— HYK,E[¢]) ———— HYK,E)[¢] ——— 0

| | |

0 > 0 » [ H'(K,.E)l¢] —— ]| H'(K, E)[¢] — 0

peEMg peEMy
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Remark. It is conjectured that the Tate-Shafarevich group is finite.

Definition 8.2.3. Let K be a number field and S C My a finite set of primes of K
containing all infinite primes. Define

Hl(Ka M; S) = ker (Hl(K’ M) — HHl(K;r,M)>
pES

Lemma 8.2.4. Let K be a number field and ¢ : E — E’ an isogeny of elliptic curves over
K. Let S C Mg be the set containing all primes of bad reduction for E, all infinite primes
of K and all primes dividing n. Then S\P(E/K) C H'(K, E[¢], S).

Proof. Let n = deg¢. By the proof of Theorem [3.2.18 we know that multiplication by n
is surjective on E(K}") so that the isogeny ¢ : F(K}") — E'(K}") is also surjective since
¢¢ = [n]. We then have a commutative diagram with exact rows

E(K,) —*— E'(K,) —"— H'(K,, E[9))

[ -

B(K) —2 B/(Kr) — HY(KX, E[$))

Now suppose that x € S (E/K). Then, in particular, res,(z) € im(8,). But then res,(z) €
im(¢)) = 0 since ¢ is surjective. This holds for arbitrary p € S so we must therefore have

that z € H'(K, E[¢]; 9). O

Theorem 8.2.5. Let K be a number field and ¢ : E — E’ an isogeny of elliptic curves over
K. Then SY)(E/K) is finite.

Proof. By Lemma m, it suffices to show that H'(K, M, S) is finite for any G-module M
and finite set of places S C Mg. Let L/K be a finite Galois extension. Then we have an
inflation-restriction sequence

0 —— HY(Gal(L/K), MCGE/L)y 2L, (g M) 255 HY(L, M)

Since H' (K, M;S) C H' (K, M), we can replace K with any finite Galois extension L. We
may thus assume, without loss of generality, that Gal(K /K) acts trivially on M. Note that
HYK, M, x M,) = HY(K, M,) x H(K, M) so we may also assume that M is cyclic, say
of order n. Finally, we can assume that u, C K so that M = pu, as a Gal(K/K)-module.
It thus suffices to show that H'(K, u,;S) is finite. By Hilbert’s Theorem 90, we have that
HYK, p,) = K*/(K*)™ so then

H'(K, p1; S) = ker (K ey = TT0G0” /((K;r)X)n> C K(S,n)

pgs

which is finite by Proposition [5.1.3| O]

Remark. This Theorem gives another proof of the Weak Mordell-Weil Theorem in light of
the exact sequence of Proposition [8.2.2
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8.3 Descent by Cyclic Isogeny

Let ¢ : E — E' be an isogeny of elliptic curves over a number field K. Suppose that
E'l¢] =2 Z/nZ and is generated by T' € E'(K). The Weil pairing provides us with an
isomorphism

E[o] = pn
S €¢(S, T)

so that E[¢] and p, are isomorphic as Gal(K/K)-modules. We thus have a short exact
sequence of Gal(K /K)-modules

0 > yE 25 > 0

which yields a long exact sequence of cohomology groups
B(K) —2 E/(K) —— HY(K,u,) — H'(K, E)
By Hilbert’s Theorem 90, we have an isomorphism
h: KX/(KX)n — HY (K, p,)
. (d%))

so we get a commutative diagram with exact row

B(K) -2 E/(K) — HY(K,u,) — H'(K, E)

Theorem 8.3.1. Let f € K(E'), g € K(F) be rational functions such that div(f) = n(T) —
n(Og/) and ¢*f = g". Then

a(P) = f(P) (mod (K*)")
for all P € E'(K)\{Og/,T}.

Proof. Fix P ¢ {Og,T}. Since ¢ is surjective, we can choose Q € FE(K) such that
#(Q) = P. Then §(P) € H' (K, u,) is represented by the 1-cocycle (o + o(Q) — Q). Then

_9(0(@Q) —Q+ X)
9(X)

for all X € E(K) away from the zeroes and poles of g. Taking X = @, we have
o(Q) _o(9(Q) a(§/f(P))
(

6¢<0‘(Q) - Q)7T> - g(Q) - g

Q)) V f(P)
It then follows that

a(P) = f(P) (mod (K*)")
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8.4 Descent by 2-Isogeny

Let K be a number field and consdier the elliptic curves E, E' over K with Weierstrass
equations

z(2? + ax + b)

E :q?
y? = x(2* +ad'z + V)

E':
where o' = 2a and V' = a® — 4b. Consider the isogenies

¢ E—E

o () #5)
e () 247

By Lemma [2.4.8] these isogenies have degree 2. After a (tedious) calculation, one can show

that they are indeed dual. It is clear that E[¢] = { Op,T } and E'[¢] = { O, T" } where
T = (0,0) € B(K) and T' = (0,0) € E'(K).

Proposition 8.4.1. There exists a group homomorphism

(67 E/(K) — KX/(KX)2

r (mod (K*)?) ifz#0
(z,y) = { v (mod (K)?) ifz=0

whose kernel is exactly ¢E(K).

Proof. The first part of the definition immediate upon applying Theorem with f ==
and g = y/x. To see the second part, we explicit calculate §(7"). Note that a preimage P
of T under ¢ will necessarily have y = 0. Then a non-trivial z-coordinate for P will be a
solution ¢ of 22 +ax +b. Let L = K(t). Note that ' is the discriminant of x? + az + b so in
fact, L = (v/'). Then 6(P) is represented by a 1-cocycle which is 0 on Gal(K /L). Under the
isomorphism h : K*/(K*)? — H'(K, u,), the equivalence class of this 1-cocycle corresponds
to an element u € K*/(K*)? such that L = K(y/u). Hence u = b’ as claimed. O

Lemma 8.4.2. Consider the injections

. BK) x
(07 53 $E/—([Q — /(KX)2
. E(K) x
g . ¢E—(f() — /(KX)Q
Then
grank(E(K)) _ im(ap)|[im(ap)|
4

Proof. Since g/g(b = 2], we have a commutative diagram with exact rows
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B(K) —% E'(K) —— coker(¢) — 0

EE & |

0 —— B(K) —“ B(K) ——— 0

Applying the Snake Lemma (and preprending with ker(¢), we have an exact sequence)

BE(K)[2) —¢— E'(K)|g]

OE(K) 2B(K) C OE(K)

Now, F(K)[¢], E(K)[¢] = Z/2Z, E'(K)/¢E(K) = im(ag/) and E(K)/@E(K) = im(ag).
Hence this exact sequence is infact

0 -Z, - B(K)[2] ——¢—— Lsyy,

. B(K)
2B(K)

im(an/) > 1m(aE) — 0

Recall that given any exact sequence of abelian groups { G; },,,,, we have the following
identity: o

[[i61 =1
=0

From this we see that

[E(K)/2E(K)| _ [im(ap)|[im(ag))|
|E(K)[2]] 4

Now, by the Mordell-Weil Theorem, E(K) is finitely generated, say E(K) = A x Z" for
some finite group A and r > 0. Then

E(K ~ "
( >/2E(K) ~ BH % <Z/2Z>
Moreover, E(K)[2] =2 A[2]. Since A is finite, we have |A/2A| = A[2] so that

|E(K)/2E(K)]
|E(K)[2]]

—9r

as desired. ]

Lemma 8.4.3. Let K be a number field and a,b € Ok. Let E/K be an elliptic curve with
Weierstrass equation y* = z(z* + ax + b). Then im(ag) C K(S,2) where S is the set of
primes dividing b.
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Proof. Recall that

X

K(S,Q) = {Z’EK/(KX)2

vy(x) =0 (mod 2) for all p & S }

We need to show that for all primes p of K such that v,(b) = 0, we have that v,(z) is even
for all z € im(ag). To this end, fix z € im(ag).

First suppose that v,(z) < 0. Then Lemma implies that v,(z) = —2r for some
integer r so it is indeed even.

The assertion is trivial if v,(2) = 0 so assume that v,(z) > 0. Then v,(2? 4+ az + b) = 0
so that vy (z) = v, (y?) = 2u,(y) as claimed. O

Lemma 8.4.4. Let K be a number field and a,b € Ok. Let E/K be an elliptic curve with
Weierstrass equation y* = z(x* + ax +b). If b = biby then bi(K*)? € im(ag) if and only if
the equation

w? = biut + auv? + by
15 soluble for u,v,w € K not all zero.

Proof. If either by € (K*)? or by € K(x)? then b 2 b; (mod (K*)?). Since ag(T) = b(K*)?
the condition of the Lemma is satisfied. Hence we can assume that by, by & (K*)% Then

bi(K*)? € im(ap) <= 3(x,y) € E(K) such that z = b;t* for some t € K*
= y* = (0:t*)((011%)* + a(bit?) + b)

— (i) = b1t2 + Clt2 + b2
byt

Hence the equation has solution w = %, u=t,v=—1.

Conversely, suppose that we have a solution u,v,w € K to the above equation. Then
uv # 0. By massaging the equation, we see that

(1 () 0 (1))

is a point in F(K) whose z-coordinate is by up to squares. O

Example 8.4.5.
w? = —ut — 4t

This is clearly insoluble over Q so by (K*)? ¢ im(ag/). Now suppose that b; = 2 so that
by = 2. Consider the equation

w? = 2t + 21

This clearly has solution (u,v,w) = (1,1,2) so that 2(K*)? € im(ag/). Finally, suppose
that by = —2 so that b, = —2. Consider the equation

w? = —2u* — 20!

This is clearly insoluble over Q so b (K*)* & im(ag). We thus see that im(ag) = (2). Tt
then follows that rank F(Q) = 0.
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Lemma 8.4.6. Let K be a number field and a,b € Ok. Let E/K be an elliptic curve with
Weierstrass equation y* = z(x* + ax + b). If b = biby then
im(ag) C SY(E/K)
= {0,(Q")? | w* = byu* + auv® + byv' is soluble over K, Vp € Mg }

Proof. This is immediate from the definition of the Selmer group and the diagram

0 — E'(K)/¢E(K) —— SYW(E/K) —— I(E/K)[¢] —— 0

oy j
Vo

]

Proposition 8.4.7. Let a,b € Z such that b = biby for some integers by and by. If p is a
rational prime such that p 1 2b(a® —4b) then the equation w* = byu* + auv? +byv? is solvable
over Q,.

Proof. Proof omitted. O

Example 8.4.8. Consider the elliptic curve £E/Q with Weierstrass equation y* = 23 + px
where p is a rational prime congruent to 5 modulo 8. Let E’'/Q be the elliptic curve with
Weierstrass equation y? = 23 — 4pr = x(2? — 4p). We have that

im(ag) € Q({p}.2) = {~1.0) € ¥ )2

Now suppose that by = —1 so that by = —p. Consider the equation

w? = —ut — p?

which is insoluble over Q so that —1(Q*)? € im(ag). Now consider b; = p so that by = 1.
Consider the equation

w? = put + v

This has a solution (w,u,v) = (4,0,2) so that p(K*)? € im(ag) (or we could have used the
fact that ag(T) = p(K*)?). Hence im(ag) = (p).
On the other hand,

im(ag) € Q({2,9},2) = (-1.2.0) € Ty

(—1,2,p) has the non-trivial elements 2, —2,p, —p. Note that ap(T") = —p(Q*)? so we
have to check the following three cases:

by =2,by = —2p = w?® =2u* - 2pv* (2)
bi=—2,by =2p = w? = —2u" + 2pv! (3)
by =p, by = —4 = w® = pu* — 40! (4)

First suppose that Equation [2]is soluble over Q. Without loss of generality, we may assume
that (u,v,w) € Z* with ged(u,v) = 1. If p | u then p | w and so p | v which is a contradiction
to ged(u,v) = 1. Hence we must have that w? = 2u* (mod p). We must therefore have that
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2 is a square modulo p. But p = 5mod8 so this is a contradiction (just check with p = 5, for
example). Hence Equation [2]is not soluble over Q. By a similar argumentation, Equation
is not soluble over QQ since —2 is not a square modulo p.

Thus far, we have that im(ag) € (—1,p). Hence rank/, E(Q) = 0 if Equation {] is
insoluble over Q and is 1 otherwise. Note that Equation {4]is solvable over Q, since p =1
(mod 4) so that —1 is a square in F,, whence it is a square in Z,. Moreover, it is also soluble
over (Qy since p — 4 is a square in Zs and soluble over R since p is a square in R.

It is conejctured that rank(E(Q) =1 for all p=5 (mod 8).

Definition 8.4.9. Let a,b € Z such that b = b,b, for some integers b; and by. Let C' be the
smooth projective curve given by the equation w? = byu* + au?v? + byv.

Example 8.4.10. Consider the elliptic curve F/Q with Weierstrass equation y? = z3 +
172 = z(2? + 17). Let E'/Q be the elliptic curve with Weierstrass equation y* = x3 — 4 -
172 — z(x? — 4 - 17). We have that

im(ap) C Q{17},2) = (—1,17) C @X/@X)Q

First note that ag(T) = 17(Q*)?. Now suppose that b; = —1 so that b, = —17. We consider
solubility over Q of the equation

w? = —ut — 1704

This clearly has no solutions in Q so we have that im(ag) = (17).
On the other hand, we have that

im(ap) C Q({2,17},2) = (—1,2,17)

This has 5 non-trivial elements, namely —1,2, —2,17, —17. We must check solubility of the
following equations:

by =2,by = —-2p = w?® = 2u* —2p*
by = —2,by =2p = w? = —2u* +2pv

2

b =p,by = —4 = w?=pu* — 4*

We will just check solubility of the first one. To this end let C' be the curve given by
w? = 2u* — 2pv*. Replacing w with 2w we have 2w? = u* — 17v*. By Hensel’s Lemma, we
know that 17 € (Z5)* so C'(Q3) contains an element represented by (w, u,v) = (0,1, {4/1_7_1).
Similarly, C(Q,7) # @ since 2 € (Z;5)?. Finally, C(R) # @ since v/2 € R. By Proposition
B.4.7 C(Q,) # @ for all primes p 1 [2-17(4-17)] so that C(Qy) # @ for all p € M.

On the other hand, suppose that (u,v,w) represents an element of C'(Q). Without loss
of generality, u,v € Z are coprime so that w € Z and we may further assume that w > 0.
Now, if 17 | w then 17 | w and 17 | v which is a contradiction so we may assume that if p | w
then p # 17 and 17 is a square mod p. By quadratic reciprocity, we have that

17 (ﬂ) — 1T
P 17

for all odd primes p. Then p is a square mod 17. Moreover, 2 is also a square mod 17 so
that w is a square mod 17. But 2w? = u? (mod 17) so we must have that 2 is a fourth
power in F}. But the latter set is (+1, +4) which is a contradiction. Hence C'(Q) = @. We
thus refer to C' as a counter example of the Hasse principle: it is a non-trivial element of
HI(E/Q). In other words, it is a homogeneous space for which C(Q,) # @ for all p € My
but C'(Q) = @.
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9 The Birch and Swinnerton-Dyer Conjecture

Definition 9.1. Let E/Q be an elliptic curve. We define the L-function of E to be

L(E,s) = | [ Lo(E. 5)

where
(1 —a,p~®+p'~2%)~! if E has good reduction at p
L(E.s) = (1—p*)~t if £ has split multiplicative reduction at p
U5 8) = (1+p5)~1 if £ has non-split multiplicative reduction at p
1 if £ has additive reduction at p

where a, = |E(F,)|.
By Hasse’s Theorem, |a,| < 2,/p so L(E, s) converges for R(s) > 3.

Theorem 9.2 (Wiles, Breuil, Conrad, Diamond, Taylor). Let E/Q be an elliptic curve.
Then L(E,s) is the L-function of a weight-2 modular form and hence has an analytic con-
tinuation to all of C and satisfies a functional equation L(E,s) = L(E,2 — s).

Conjecture 9.3 (Weak BSD). Let E an elliptic curve defined over Q and L(E,s) its L-
function. Then the rank of the abelian group E(K) is equal to the order of vanishing L(E, s)
at s = 1.

Conjecture 9.4 (Strong BSD). Let E an elliptic curve defined over Q of rank r and L(E, s)
its L-function. Then

o L(Bs) _ QeRes(B)IIE) ], c,
s=1 (s —1)" |E(Q)tors|?

where Qp = [ lwel, Reg(E) is the elliptic regulator of E(Q)/E(Q)ors, II(E) is the
Tate-Shafarevich group of E and ¢, = |E(Q,)/Eo(Q,)| is the Tamagawa number of E/Q,.

Theorem 9.5 (Kolyvagin). Let E/Q be an elliptic curve. If the order of vanishing of
L(E,s)=0,1 then weak BSD is true and |II(E/Q)| < occ.
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